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Abstrakt

Cílem této práce je odhad cenové volatility a srovnání odhad� kvantitativních ukazatel�
�ízení rizika jako jsou „hodnota v riziku“ (angl. Value at Risk �i VaR) a „podmín�ná hodno-
ta v riziku“ (angl. Expected Shortfall �i ES) pro �ty�i sv�tové cenové indexy pomocí model�
podmín�né heteroskedasticity (angl. models of conditional heteroskedasticity). Aplikovány
jsou Generalized Autoregressive Score (GAS) modely, které oproti Generalized Autoregressive
Conditional Heteroskedasticity (GARCH) model�m dokáûí popsat podmín�né pravd�podob-
nostní rozd�lení �asové �ady komplexn�ji a vedou k adekvátn�jöím odhad�m. Odhadnuté
hodnoty VaR a ES jsou zp�tn� testovány (angl. backtesting) pomocí tzv. rolling windows,
které provádí jednokrokové odhady �asové �ady pomocí odhadnut˝ch parametr� modelu. Ty
mohou b˝t odhadovány v kaûdém kroku nebo kaûd˝ k-t˝ krok. Hlavním cílem této práce
je zkoumání dopadu délky kroku, p�i kterém se znovu odhadují parametry GAS modelu p�i
pouûití rolling windows a následné porovnání odhadnut˝ch ukazatel� rizika VaR a ES pomocí
testu dynamick˝ch kvantil� a ztrátov˝ch funkcí. V˝sledky ukázaly, ûe pro GAS model se Stu-
dentov˝m t rozd�lením nemá délka kroku v˝razn˝ vliv, zatímco GAS model s Gaussov˝m
rozd�lením a delöím krokem odhaduje VaR a ES v˝razn� záporn�jöí v období cenov˝ch öok�.

Klí�ová slova: Volatilita, GAS model, Value at Risk, Expected Shortfall, rolling window

Abstract

The aim of this thesis is volatility estimation and estimates’ comparison of financial risk
measures, which are specially Value at Risk (VaR) and Expected Shortfall (ES) for four
world market price indices. Models of conditional heteroskedasticity are utilized. Generalized
Autoregressive Score (GAS) models are applied since they are able to describe the probability
density of observations in a more complex way than Generalized Autoregressive Conditional
Heteroskedasticity (GARCH) models. Furthermore, they lead to more adequate estimates.
VaR and ES estimates are backtested using rolling windows, which calculate one-step ahead
predictions based on estimated parameters of GAS model. Parameters can be estimated
in each step or in every k-step. The main contribution of this thesis is to study the impact
of the length of the refit step of parameters for rolling windows in GAS models followed
by comparison of estimated values of VaR and ES using Dynamic quantile (DQ) test and
calculating the loss functions. The results showed that the length of the refit step does
not significantly influence estimates of VaR and ES for GAS models with the Student’s t

distribution. However, it underestimates values of VaR and ES significantly in the periods
of price shocks for GAS models with the Gaussian distribution.

Keywords: Volatility, GAS model, Value at Risk, Expected Shortfall, rolling window
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Introduction

In finance, volatility of time series might measures the dispersion for a given market index.
Despite impossibility of direct observation, it can be estimated as a simple standard deviation
of the price returns. When the volatility is high, the level of risk increases. Financial data
evinces volatility clustering meaning that periods of the same level of volatility group together
and create clusters. It turned out that standard deviation is rather simple measure, which
does not capture the volatility clustering and hence, it is not su�cient. As a consequence,
Generalized Autoregressive Conditional Heteroskedasticity (GARCH) models were developed.
Moreover, the financial data often violates the normality assumption which led to introducing
new models of conditional heteroskedasticity. Generalized Autoregressive Score (GAS) model
is a general framework for time series modeling.

Many studies have been written about the historical volatility and its properties. The desire
to capture the dynamic behavior of the time series’ processes led to models with time-varying
parameters. These models were firstly categorized by Cox et al. (1981) into observation-
driven models and parameter-driven models. Observation-driven models let the time-varying
parameters be functions of the lagged variables. The parameters are perfectly predictable
given the past information. In parameter-driven models the parameters are stochastic pro-
cesses and they are not perfectly predictable. Examples of the observation-driven models are
GARCH models of Engle (1982) or GAS models by Creal et al. (2008).

The contribution of GAS models is in their ability to describe the probability density of ob-
servations in a more complex way. They are based on a score which is the first derivative
of the logarithm of the conditional observation density with respect to the vector of time-
varying parameters and it can be scaled applying a scaling function. The scaling function is
represented by the Fisher information matrix to the power of an additional parameter “ > 0.
The key features of GAS models can be simple estimation, the straightforward evaluation of
likelihood and the generality of models.

Risk measures typically quantify the level of financial risk. Acerbi et al. (2002) defined
four axioms of coherence to distinguish ’good’ risk measures. The most applied measure
Value at Risk (VaR) turned out not to be coherent since it violates one of the axioms,
specifically the sub–additivity. VaR is a threshold of possible losses and it is indi�erent
to the size of the losses beyond. Therefore, Rockafellar et al. (2002) introduced a new
risk measure Expected Shortfall (ES) which fulfills all the axioms, hence it is coherent risk
measure. Acerbi et al. (2002) also mentioned that only fulfillment of all the axioms can
lead to correct results and violating some of them can lead to wrong or even paradoxical
conclusions. ES represents the expected loss in the 100– % worst cases which means that
this measure takes into account sizes of the worst losses and leads to better quantification of
the possible risk.
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The model performance can be measured by value of loss function. Quantile Loss (QL)
function is very frequently applied for quantile regressions in the VaR evaluation but ES does
not have individual loss function. However, Fissler et al. (2016) showed that VaR and ES
are jointly elicitable and the corresponding function is FZ loss (FZL) function.

This thesis examines price returns of four market indices corresponding to U.S. stock market
(DJIA, S&P 500), market in Great Britain (FTSE 100) and Japanese market (TOPIX) over
three di�erent time periods (1984 – 1995 including the Black Friday, 2000 – 2010 including
the financial crisis and the resent years 2010 – 2019). The aim is to compare estimated
volatility using GARCH and GAS models and the corresponding values of VaR followed by
testing equality of the static parameters in GAS models over time. Backtesting of VaR and
ES with GAS models assuming di�erent conditional distribution of observations is presented
thereafter. The main contribution of this thesis is in studying the impact of the di�erent
length of refit step of parameters in the rolling windows for GAS models with a di�erent
conditional distributions of observations. Models are assesses by comparing the individual
loss functions (QL function for VaR and FZL function for VaR and ES jointly) which lead to
the choice of the best performing model.

The outline of the thesis is as follows. At first, Section 1 reviews the problem of volatility
in financial time series and the models of conditional heteroskedasticity followed by describing
the framework of GAS models and risk measures along with the approaches to model com-
parison. Section 2 introduces the R packages GAS and RUGARCH, Section 3 describes used
data and Section 4 presents the application to financial return data along with the discussed
results.
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1. Methodology

Firstly, the volatility of time series is defined in Section 1.1, followed by the overview
of the models of conditional heteroskedasticity in Section 1.2. There is a short summa-
ry of ARCH and GARCH models and their relation to GAS models which are described
in detail in Section 1.3 starting with the model specification and followed by the discussion
about suitable probability distributions and maximum likelihood estimation. The di�erence
among parametric, semi-parametric and non-parametric models is mentioned thereafter in
Section 1.4.

Section 1.5 covers the theory about the risk measures and their properties. Several methods of
model comparison including information criteria and backtesting VaR and ES using the loss
functions are discussed in Section 1.6. And the last Section 1.7 describes the basic methods
of time series’ analysis, for example the Shapiro–Wilk normality test or the Augmented
Dickey–Fuller test of the stationarity.

The first two sections are based on (Satchell et al., 2011) and (Huöek et al., 2003), if not
cited di�erently.

1.1 Volatility of Time Series

Substantial growth in financial econometrics led to estimating the level of the risk along with
the analysis and prediction of returns. Models of conditional heteroskedasticity were devel-
oped as a consequence. The volatility of time series, also called conditional heteroskedasticity,
is not directly observable. However, it is possible to estimate it. In finance, the volatility
might measure fluctuations of some assets or its return. It represents the period of high
variability or increasing variance and it can be seen as a level of risk. Furthermore, volatil-
ity modeling enables to compute Value at Risk (VaR) or Expected Shortfall (ES) which are
the standards and two leading risk measures used in finance (Ardia et al., 2018).

Historical and implied volatility are distinguished in financial econometrics. Historical volatil-
ity is the volatility experienced by the underlying stock and it is represented by the sample
standard deviation over a certain time interval. It is used for short-time prediction or for com-
paring two stocks with each other. On the contrary, Canina et al. (1993) state that implied
volatility can be interpreted as informationally superior to historical volatility and it is used
to forecast future volatility. An example can be the Black-Scholes model for the setting of
implied volatility. The model assumes that the price for the stock follows a logarithmic dif-
fusion process with constant instantaneous mean and volatility and it is possible to derive
the conditional standard deviation which represents the implied volatility of the observed
asset. However, in practice some assumption can be violated. The most common assumption
is that the logarithmic price is not normally distributed.
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A very common feature which can be observed in financial time series is volatility clustering.
Volatility can be low in some periods and high in others but periods of low volatility (low risk)
concentrate like periods of high volatility (high risk) and create clusters. This property leads
to the violation of the homoskedasticity assumption because the variance of the residuals
varies over time. Moreover, the maximum likelihood estimates would be biased. Conse-
quently, models with unconditional variance can lead to wrong and biased results (Kaufman,
2013). Instead, Engle (1982) proposed conditional variance models (or models of conditional
heteroskedasticity), which take into account the second conditional moment, i.e. variability
and allow it to change over time. They are able to capture the changing conditions of market
uncertainty which is also the reason why their application is so wide (Arlt et al., 2003).

Volatility is usually stationary and it develops smoothly and continuously. Therefore, sudden
shocks are very rare and changes have some fixed range, which they usually do not exceed,
they do not diverge to infinity. However, the behavior of volatility returns di�ers when prices
suddenly rise and when they decrease. Positive and negative shocks are not symmetric for
conditional variance and lead to asymmetric distributions of the returns. The asymmetry of
the behavior is called the leverage e�ect.

1.2 Models of Conditional Heteroskedasticity

Models of conditional heteroskedasticity can be categorized into observation-driven mod-
els and parameter-driven models (Cox et al., 1981). These two classes are described in
detail in Section 1.3. Another possibility is to distinguish the models according to the ap-
proach in the variance modeling. Variance can be modeled using an exact stochastic function
or a stochastic equation. ARCH and GARCH models are representatives of the first group,
models of stochastic volatility are representatives of the second group. These models usually
express behavior or development of the conditional variance of the error term. Let’s denote yt

as the price of the market index at time t. Then rt is the logarithmic return of some financial
asset at time t computed as the first di�erences of logarithmic values of yt. Conditional mean
and variance for a given Ft≠1 can be written as

rt = ln yt ≠ ln yt≠1, (1.1)

µt = E(rt|Ft≠1), (1.2)

‡2
t = var(rt|Ft≠1) = E

Ë
(rt ≠ µt)2 |Ft≠1

È
, (1.3)

where Ft≠1 is a set of relevant information at time t ≠ 1, which can contain linear equations
of the past returns. Therefore, it is assumed that rt is possible to be captured by a stationary
ARMA(p,q) model.
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ARCH models

Autoregressive conditional heteroskedasticity (ARCH) models are used for financial time
series when the variance depends on its past values and this dependence is possible to express
by autoregression. These models were proposed Robert F. Engle in 1982 and they became
commonly used. ARCH(1) was first applied to describe and estimate the inflation variance
in Great Britain (Engle, 1982). Let’s assume a simple linear regression model:

yt = —0 + xÕ
t— + ut, (1.4)

where yt is the dependent variable, xt is k ◊ 1 vector of regressors and — is k ◊ 1 vector
of parameters. The random error term ut has independent normal distribution with zero
mean and constant finite variance ‡2. ARCH allows the variance to be time-varying and it
is possible to express the dependence ‡2

t on the past values in the form of

‡2
t = –0 + –1u2

t≠1, (1.5)

where –0 Ø 0 and –1 Ø 0 to ensure that the conditional variance ‡2
t is non-negative.

Equation (1.5) is the fundamental ARCH(1) model and it is also called the equation of
conditional variance or volatility. The expression (1) means that the conditional variance
depends on one lagged value of the random error term ut≠1 only. Both equations formulate
a complete ARCH(1) model. It can be assumed that in the case of a significant shock in
time t ≠ 1 (i.e. ut≠1 is large) there will be a significant shock at time t with a substantial
probability (i.e. ut will be large, too).

However, the conditional variance can depend on more than one lagged value. That is why
it is possible to extend ARCH for q lagged value. ARCH(q) is used when it is expected that
the volatility of time series changes slower that in ARCH(1). These models are not commonly
used but the dependence ‡2

t on past values can be generally written as

‡2
t = –0 + –1u2

t≠1 + . . . + –qu2
t≠q. (1.6)

There are several drawbacks to this approach. ARCH models assume that negative and pos-
itive shocks have the same impact on the volatility. But financial practice has shown that
this is not true and the assets react di�erently to both shocks. Another problem is their
limitation in expressing higher kurtosis then kurtosis of the Gaussian distribution or the fact
that the probability of estimating a negative model parameter is higher with a higher num-
ber of parameters. Parameter negativity violates the requirement of non-negativeness of all
estimated parameters. These and some more limitations caused the formation of generalized
version of ARCH known as GARCH models.

10



GARCH models

Generalized autoregressive conditional heteroskedasticity (GARCH) models were indepen-
dently introduced by Bollerslev (1986) and Taylor (1986) and they are the most applied
models of all volatility models. The most valued benefits are their abilities to describe volatil-
ity clustering and heavy tails or significant kurtosis of time series. Another advantage can be
e�ective estimation of parameters in case of a long memory process.

The fundamental model is GARCH(1,1) which is the simplest generalized ARCH model and
also the most utilized one. The di�erence between ARCH(1) and GARCH(1,1) is its extension
in the lagged value of the conditional variance and its form is

‡2
t = –0 + –1u2

t≠1 + —1‡2
t≠1. (1.7)

The model for variance ‡2
t can be rewritten if the lagged value is substituted and it actually

became a function of all lagged error terms:

‡2
t = –0

1 ≠ —1
+ –1(u2

t≠1 + —1u2
t≠2 + —2

1u2
t≠3 + —3

1u2
t≠4 + . . . ). (1.8)

Non-negative conditional variance is assured by validity of –0 Ø 0 and the identity conditions
of 0 < —1 Æ 1 are assured by –1 > 0. The big benefit of GARCH(1,1) is that it is possible
to replace ARCH(Œ) with only three parameter, which will be estimated. And moreover,
it has much more degrees of freedom, which are substantial in case of small sample size.
If the model is rewritten by adding u2

t on both sides and transferring ‡2
t to the right side

of the equation, ARMA(1,1) model for u2
t can be obtained:

u2
t = –0 + (–1 + —1)u2

t≠1 + vt ≠ —1vt≠1, (1.9)

where vt = u2
t ≠ ‡2

t , lagged value u2
t≠1 is the AR constituent and vt, vt≠1 are the MA con-

stituents. The condition of stationarity can be written as –1 + —1 < 1 and if it holds,
the unconditional mean of u2

t or the conditional variance of ut is equal to

‡2 = –0
1 ≠ (–1 + —1) , (1.10)

which means that the unconditional variance of ut is homoskedastic and the value of (–1 +—1)
close to one refer to the significant persistence in volatility.
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A general model GARCH(p,q) exits but it is rarely used in practice since GARCH(1,1) is
usually su�cient to express volatility clustering.

Model parameters can be estimated using the maximum likelihood method. Maximum likeli-
hood estimates can be obtained by maximization of the logarithm of the likelihood function.
However, a common problem with the financial time series is the normality assumption. It
can be sometimes assumed that the random error term follows Student’s t distribution and
then the parameters can be estimated by maximization of the logarithmic maximum likeli-
hood corresponding to that distribution. If the full model is correctly specified, the estimated
parameters are still consistent and asymptotically normal.

1.3 GAS Models

Generalized autoregressive score (GAS) models were introduced by Creal et al. (2008). They
are also known as Dynamic Conditional Score (DCS) proposed by Harvey (2013) or score-
driven models (Ardia et al., 2019). These models belong to the class of observation-driven
models using scaled score of the likelihood function as the driving mechanism. The possibility
to set some parameters time-varying is necessary for capturing the dynamic behavior of time
series (Creal et al., 2013).

Cox et al. (1981) mention two categories of time-varying models: observation-driven models
and parameter-driven models. Observation-driven models have the parameters dependent on
the lagged values of past observations and exogenous variables. They are stochastic but it
is possible to predict them given past information. Moreover, it simplifies likelihood evalu-
ation which is straightforward. Typical representatives are GARCH models, Autoregressive
Conditional Duration (ACD) or Autoregressive Conditional Intensity models (ACI) and oth-
ers. In parameter-driven models, the parameters evolve according to some stochastic process.
However, these parameters are not perfectly observable due to their dependence on the given
past and present observations. The estimation is more demanding because the associated
likelihood functions are not available in closed-form. Typical examples can be the Stochastic
Volatility (SV) or Stochastic Intensity models (Creal et al., 2008).

The main di�culty for observation-driven models is the choice of a linking function between
the past observations and parameters. Creal et al. (2013) suggest to use a scaled score
function of the model density at time t. This function should be an e�ective choice and it
should also be applicable to a wide variety of non-Gaussian and non-linear models. If the
scaling is chosen appropriately, GARCH, ACD and ACI can be obtained as a special case.

A huge benefit of GAS models is their ability to take advantage of the complex density
structure rather than only consider means and higher moments. Moreover, the likelihood
evaluation is straightforward as well as for GARCH models.
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Basic Model Specification

A general class of observation-driven time-varying parameter models is formulated in this
section. This section is based on Ardia et al. (2019) and the same notation is adopted.

Let yt be an N -dimensional random vector of the dependent variables at time t and ◊t be
a vector of time-varying parameters. Then yt follows conditional observation density p

yt|y1:t≠1 ≥ p(yt; ◊t) (1.11)

for t = 1, . . . ,T , where y1:t≠1 is a matrix which contains the past values of yt up to time
t ≠ 1. The vector of time-varying parameters ◊t only depends on y1:t≠1 and a set of static
additional parameters › which can be written as ◊t © ◊(y1:t≠1,›) for all t.

The main characteristic of GAS models is the formulation of the the mechanism for updating
the time-varying parameter ◊t:

◊t+1 © Ÿ + Ast + B◊t, (1.12)

where Ÿ is a vector of constants, A is a diagonal matrix of coe�cients having proper dimen-
sions and B is a diagonal matrix of autoregressive parameters having the same dimension
as A. Ÿ, A and B are collected in the set ›. st is the scaled score, which depends on the past
observations and the time-varying parameters:

st © St(◊t)Òt(yt,◊t), (1.13)

where St is the scaling function and Òt is the score, which can be calculated as a first
derivative of the logarithm of the conditional observation density with respect to ◊t for ◊t at
time t. It can be formally written as

Òt(yt,◊t) © ˆ log p(yt; ◊t)
ˆ◊t

. (1.14)

The scaling matrix St is a positive definite matrix. The variance of the score Òt is defined
to be the information matrix It and Creal et al. (2013) suggested to set the scaling matrix
using the Fisher information matrix. Additional parameter “ > 0 is added:

St(◊t) © It(◊t)≠“ , (1.15)
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with

It(◊t) © Et≠1
Ë
Òt(yt,◊t)Òt(yt,◊t)Õ

È
. (1.16)

The expectation is taken with respect to the conditional distribution of yt given y1:t≠1.
There are three most common sets of the parameter “ which lead to di�erent GAS models.
The parameter is fixed and obviously, it scales the conditional score Òt. That is why st can
be also called the scaled score. When “ = 0, the scaling matrix St represents the identity
matrix of appropriate size and therefore, there is no scaling. When “ = 1, the scaling matrix
equals to the inverse information matrix. An finally, when “ = 1

2 , the conditional score is
multiplied by the the square root of the information matrix It and the additional moment
condition VARt≠1[st] = I can be easily derived.

The vector Ÿ can be interpreted as the level of the process, the matrix B controls for the per-
sistence of the process and the matrix A can be comprehended as the step of the update.
It basically controls the impact of scaled score on the updated vector of the time-varying
parameters. And therefore, st indicates the direction in which the vector of time–varying
parameters ◊t is updated.

In practice, the space of the vector of time-varying parameters ◊t is often restricted. How-
ever, the vector in the model specification in Equation (1.12) has a linear specification and
therefore, it is unbounded. For example, the vector needs to be positive for the Student’s
t distribution. The standard solution is using the linking function �(·) which maps ◊t and
ensure the linear dynamic specification:

◊t+1 © �(◊̃t+1), (1.17)

◊̃t+1 © Ÿ + As̃t + B◊̃t. (1.18)

The Jacobian matrix of the linking function �(·) which is compounded of all the first partial
derivatives can be calculated:

J (◊̃t) © ˆ�(◊̃t)
ˆ◊̃t

(1.19)

and it is used for evaluating the new information matrix Ĩt(◊̃t) and the score as well:

ÊÒt(yt,◊̃t) = J (◊̃t)ÕÒt(yt,◊t), (1.20)

Ĩt(◊̃t) = J (◊̃t)ÕIt(◊t)J (◊̃t). (1.21)
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Using a proper linking (mapping) function and the associated Jacobian matrix can transform
almost any non-linear constraint. Then the vector of static parameters › © (Ÿ,A,B) can be
estimated by maximizing the log-likelihood function.

Probability distribution specification

Cont (2001) pointed out that the financial returns follow some stylized statistical properties.
Especially, the distribution is (usually left) skewed and fat tailed which is caused by uneven
shocks to conditional variance. Therefore, the fat tailed distribution is more suitable than the
Gaussian distribution. Furthermore, the presence of volatility clustering leads to the time-
varying variance. The expected value of returns supposes to be zero by nature and therefore,
it does not make sense to set the location parameter time-varying. In case of estimating the
model with time-varying location, the estimated coe�cient should not result to be statistically
significant. Time-varying skewness and shape can lead to more suitable distribution but not
necessarily. These properties justify testing only few common distributions in this thesis:
Student’s t, skew-Student’s t and Gaussian as a benchmark. More about the setting of
time-varying parameters is discussed later in Section 4.2.

The score function for each distribution di�ers. The notation is adopted from Ardia et al.
(2018). Let’s assume that rt is a logarithmic return at time t, it follows conditional skew-
Student’s t distribution (rt|It≠1 ≥ SKST ) with four parameters: location, scale, skewness
and shape and only scale (volatility) is set to be time-varying parameter:

rt|It≠1 ≥ SKST (rt; µ,‡t,’,‹), (1.22)

where location µ œ R, scale ‡t > 0, skewness ’ > 0 and shape ‹ > 2. To ensure the positive-
ness of the volatility parameter, the vector of time-varying parameters is set to ◊t © ◊t © log ‡t

and the vector of static parameters Â © (µ,’,‹). The corresponding score st can be obtained
from the logarithmic density function f evaluated in rt:

log fSKST (rt; µ,‡t,’,‹) = log g + log k + c ≠ log ‡t ≠ ‹ + 1
2 log

C

1 +

Ë
( rt≠µ

‡t
)k + m

È2

(‹ ≠ 2)(’ú
t )2

D

,

(1.23)

where

m © µ1
1
’ ≠ 1

’

2
(1.24)

k ©
Û

(1 ≠ µ2
1)

1
’2 + 1

’2

2
+ 2µ2

1 ≠ 1 (1.25)
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g © 2
’ + 1

’

(1.26)

c © 1
2[≠ log(‹ ≠ 2) ≠ log fi] + log �

1‹ + 1
2

2
≠ log �

1‹

2
2
, (1.27)

with

µ1 © 2
Ô

‹ ≠ 2
(‹ ≠ 1)

�(‹+1
2 )

�(‹
2 )�(1

2)
, (1.28)

’ú
t © ’I{ztØ0}≠I{ztÆ0}, (1.29)

zt ©
1rt ≠ µ

‡t

2
k + m (1.30)

where I{·} is the indicator function and � is the gamma function. Then the partial derivative
of the log density function is taken with respect to ◊t and the resulting score st for the skew-
Student’s t is given by

st © ˆ log fSKST
ˆ◊t

=
1zt(‹ + 1)(zt ≠ m)

(’ú
t )2(‹ ≠ 2) + z2

t
≠ 1

2
. (1.31)

The Student’s t score can be derived easily. Let’s assume that ’ = 1 since Student’s t has
one parameter (skewness) less, then the whole expression in m in Equation (1.24) became
m = 0 and the score is:

st =
1 z2

t (‹ + 1)
(‹ ≠ 2) + z2

t
≠ 1

2
. (1.32)

Going even further to the Gaussian distribution which has only two parameters (location and
scale) and no shape, when ‹ æ Œ, the score for the Gaussian distribution resulted in:

st = z2
t ≠ 1. (1.33)

GARCH as a special case of GAS models

Creal et al. (2013) show that an appropriate choice of the scaling matrix St can lead to
already known observation-driven models. A typical example is an equality of GAS(1,1) and
standard GARCH(1,1).

Let a basic model yt = ‡tÁt have Gaussian disturbance Át with zero mean and unit variance
and time-varying standard deviation ‡t. If the scaling matrix St is equal to the inverse
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information matrix St(◊t) = It(◊t)≠1 at time t and the vector of time-varying parameters is
equal to the time-varying variance ◊t = ‡2

t , the GAS(1,1) can be reduced to

‡2
t+1 = Ÿ + A(y2

t+1 ≠ ‡2
t ) + B‡2

t , (1.34)

where Ÿ, A and B are parameters to be estimated. The reduction arose very intuitively.
In Equation (1.14) the score is expressed as a derivative of the logarithm of the probability
density function. For the Gaussian distribution the logarithm is expressed as

log p(yt; ‡2
t ) = ≠1

2 log 2fi ≠ 1
2 log ‡2

t ≠ 1
2

y2
t

‡2
t

. (1.35)

Then, the first and second derivatives of this expression with respect to ‡2
t lead to

ˆ log p(yt; ‡2
t )

ˆ‡2
t

= ≠1
2(‡2

t )≠1 + y2
t

2 (‡2
t )≠2

= y2
t ≠ ‡2

t

2(‡2
t )2 , (1.36)

ˆ2 log p(yt; ‡2
t )

ˆ(‡2
t )2 = 1

2(‡2
t )≠2 + y2

t

2 (≠2)(‡2
t )≠3

= ‡2
t ≠ 2y2

t

2(‡2
t )3 . (1.37)

The variance of the score is defined to be an information matrix which is the second derivative
of the score and also the expected value of the second moment. If the scaling matrix is equal
to an inversion of the information matrix, the expression can be step by step modified to:

St = I≠1
t≠1 = ≠Et≠1

C
ˆ2 log p(yt; ‡2

t )
ˆ(‡2

t )2

D≠1

= ≠Et≠1

C
‡2

t ≠ 2y2
t

2(‡2
t )3

D≠1

= ≠
C

‡2
t ≠ 2‡2

t

2(‡2
t )3

D≠1

= ≠
C

≠‡2
t

2(‡2
t )3

D

= 2(‡2
t )2. (1.38)
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If the resulting expressions in Equation (1.37) and Equation (1.38) are substituted to the up-
dating mechanism of the GAS model and the static parameters are reparametrized, the stan-
dard GARCH(1,1) model is obtained:

‡2
t+1 = Ÿ + ASt(‡2

t )ˆ log p(yt; ‡2
t )

ˆ‡2
t

+ B‡2
t

= Ÿ + A2‡4
t

y2
t ≠ ‡2

t

2‡4
t

+ B‡2
t

= Ÿ + A(y2
t ≠ ‡2

t ) + B‡2
t (1.39)

= Ÿú + Aúy2
t + Bú‡2

t , (1.40)

where can be noticed that Ÿú = Ÿ, Aú = A and Bú = B ≠ A. These coe�cients are
unknown and need to be estimated with some conditions to fulfill stationarity. Equation
(1.39) corresponds to GAS model in Equation (1.34) and Equation (1.40) corresponds to
GARCH model. QED.

Moreover, Creal et al. (2013) also show that if the distribution of ut follows the Student’s t

with the unit variance and ‹ degrees of freedom, the model for GAS(1,1) changes to

◊t+1 = Ÿ + A
1
1 + 3‹≠1

2A
(1 + ‹≠1)

(1 ≠ 2‹≠1)(1 + ‹≠1y2
t+1/(1 ≠ 2‹≠1)◊t)

y2
t+1 ≠ ◊t

B

+ B◊t. (1.41)

Notice that if ‹≠1 = 0, the equation reduces to the form in Equation (1.34) and the distribu-
tion is again a Gaussian. A di�erent impact of both updating mechanisms and an important
contribution of GAS models can be seen with an example of the fat-tailed Student’s t dis-
tribution and Equation (1.41) for the GARCH model. If an observation yt gains an extreme
value as long as ‹ is finite, the variance increases moderately comparing to GARCH models.

Maximum likelihood estimation

As Ardia et al. (2018) or Creal et al. (2008) state, the vector of time-varying parameters ◊t

is perfectly predictable given the past information and the static parameter vector ›. More-
over, the log-likelihood function is relatively easily evaluated. That is considered as a very
useful property of the observation-driven models which also simplifies the application of this
approach. The maximization problem for a sample of T realizations of yt can be formulated
as

›̃ © arg max
›

¸(›; y1:T ) (1.42)
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where y1:T contains all the past observations from time 1 till T and the log-likelihood function
has a form of

¸(›; y1:T ) © log p(y1; ◊1) +
Tÿ

t=2
log p(yt; ◊t) (1.43)

and ◊1 © (I ≠ B)≠1Ÿ. Moreover, for t > 1, ◊t © ◊(y1:t≠1,›).

1.4 Parametric, Semi-parametric and Non-parametric Methods

Methods can be also divided into parametric, semi-parametric and non-parametric approach-
es (Huang et al., 2010), (Gill et al., 1989). The models described above and applied in this
thesis are called parametric. Parametric models demand to completely specify some condi-
tional probability distribution of returns, which is also their disadvantage. Initial assumption
of a specific distribution increases the possibility of misspecification. Nonetheless, it simpli-
fies the evaluation and leads to a straightforward calculation of one-step ahead predictions
of VaR (Gao et al., 2016). Manganelli et al. (2004) mentioned three sources of possible
misspecification. First problem can appear during the specification of the variance equation,
the second can arise from assuming a particular distribution, which is then used for the like-
lihood optimization and the last one is related to the standardized residuals, which may not
be independent and identically distributed.

On the other hand, a big advantage of the semi-parametric models is their elimination of as-
suming specific conditional distribution. These models have elements of both parametric
and non-parametric approach and since these models still contain some static parameters,
the number of estimated parameters increases (Patton et al., 2019). However, the main dis-
advantage is in the specification of quantile behavior over time. An example can be CAViaR
models (Huang et al., 2010).

The last group called non-parametric models does not require to assume any probabili-
ty distribution in advance. It is determined from the data applying historical simulations
and the parameters are estimated a priori. The quantiles are then counted empirically based
on rolling windows. The price returns are sorted in ascending order and the desired quantile
is represented by the – % value (Manganelli et al., 2004). An example of these models can
be histogram, kernel density estimation (A. Harvey et al., 2012), non-parametric regression
and others.
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1.5 Value at Risk and Expected Shortfall

A crucial piece of information about the returns is estimating the likelihood of a possible
loss. Financial mathematicians call these tools risk measures and they use them to evaluate
the risks that a financial institution goes through. One of the most favorite and the oldest
is Value at Risk (VaR) shortly after followed by Expected Shortfall (ES). These constitute
the two leading risk measures (Ardia et al., 2018).

Value at Risk became used by investment companies in the late 1990’s and it supposes
to measure the risk of market assets. This method was introduced by J.P.Morgan, a founder
of an American bank J.P.Morgan & Co., at the risk management conference in 1993. Due
to significant success, the whole methodology was published titled Risk Metrics (Morgan
et al., 1996). VaR measures the largest expected portfolio loss over a particular time horizon
at a given probability level assuming normal market conditions (Linsmeier et al., 2000). It
can also be comprehended as an estimate of the largest loss that could occur with 100– %
probability based on the already known losses of a certain period of time. A probability level
is also referred to a risk level and it is typically set to one of the following: – œ {0.01,0.05}
(Ardia et al., 2018).

Despite being widely used by all banks and regulators, VaR was refused by science since it did
not fulfill one of the axioms of coherence (Acerbi et al., 2002). These axioms were created to
define what is a good risk measure. However, they seem to be too strict and for a while, none
of the measures did manage to fulfill all of them. But thinking about the impact of breaking
some of the axioms, it became evident that only meeting all of them could lead to a good
quality risk measure and breaking some of them to a wrong or paradoxical results.

VaR is simply a threshold of possible losses and it is indi�erent to the size of losses beyond
(Acerbi et al., 2002). It violates the second axiom of sub-additivity. The coherence axioms
were promoted by Acerbi et al. (2002) and following the paper, if a function fl : V æ R is

1. monotonous: X œ V, X Ø O =∆ fl(X) Æ 0,
2. sub-additive: X,Y,X + Y œ V =∆ fl(X + Y ) Æ fl(X) + fl(Y ),
3. positively homogeneous: X œ V,h > 0,hX œ V =∆ fl(hX) = hfl(X),
4. translation invariant: X œ V,a œ R =∆ fl(X + a) = fl(X) ≠ a,

then it can be called a risk measure where V is a set of real-valued random variables, X and Y

are possible portfolios and h and a are constants. The second axiom expresses that a sum of
portfolios should lead to maximally the same risk as a portfolio made of these sub-portfolios.
A situation with strict inequality in this axiom is known as a risk diversification. The point is
that having a portfolio made of more than one financial assets diversifies the risk of a loss and
therefore reduces it. In the figurative sense, if there is a bank made of several branches and
the analytics estimate the risk of each using a risk measure, then they should be confident
that the overall risk is the same or less. If it is more, it apparently violates the second axiom.
Therefore, only fulfillment of all axioms leads to the correct results.
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Four years later, a new risk measure was introduced by Rockafellar et al. (2002) initial-
ly called Conditional Value at Risk, nowadays more known as Expected Shortfall (ES)
and it was proven to be a coherent indicator (Delbaen, 2002). ES measures the expected
loss in the 100– % worst cases where usually – œ {0.01,0.05} and therefore, it takes into
consideration the shape of the distribution tail (Acerbi et al., 2002). But in the same time it
does not consider only the worst case that can occur but the average of the worst cases. ES
is a very simple concept and moreover, it answers the natural questions about the portfolio
risk and the e�ort of banks in switching to the new concept does not require a whole new
computational procedure. In the literature, ES is sometimes also called Average Value at
Risk (AVaR) or Expected Tail Loss (ETL).

Formally, the risk measure estimation requires firstly an accurate estimate of the conditional
distribution of the future returns (Ardia et al., 2018). Then, the VaR at time t for a risk
level – can be written

V aRt(–) © F ≠1(–; ◊t,›), (1.44)

where F ≠1 denotes the inverse of the continuous cumulative density function which is actually
the quantile function, ◊t is a vector of time-varying parameters and › is a vector of additional
static parameters. As it seems to be intuitive, the VaR is simply the 100– % quantile
of the return distribution at time t. The ES is then the average of the worst cases formally
written as

ESt(–) © 1
–

⁄ V aRt

≠Œ
zdF (z,◊t,›). (1.45)

There are some interesting properties. For example, as – decreases, the ES increases. Also
the ES is always greater than or equal to the corresponding VaR (meaning at the same risk
level –).

1.6 Model Comparison

An essential part of the return modeling is the comparison of the estimated models and se-
lecting the best according to some criteria. The most common approach is to use information
criteria and two major representatives are Akaike information criterion and Bayesian infor-
mation criterion. These can be used in the first step of the model comparison. An interesting
part can be comparing the estimates of the static parameters and see whether they change
in di�erent time periods or if they stay statistically same.
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An advanced approach is to evaluate the accuracy of VaR and ES predictions. It requires
to use rolling windows to perform backtesting and evaluating the Dynamic Quantile (DQ)
test of the correct coverage. Then the average loss functions are computed to compare the
estimates of VaR and ES. Description of these approaches follows.

Information criteria

Akaike criterion (AIC) assesses the relative quality of the model (Wagenmakers et al., 2004).
AIC for a model h is given by

AICh © ≠2¸h + 2k, (1.46)

where ¸ is the value of the log-likelihood function and k is the total number of parameters
in the model. The best model is the one having the minimum value of AIC among all other
models.

Burnham et al. (2004) presented how to compare more models using the AIC criterion and
especially how to order them since the individual AIC values are not directly interpretable.
They are e�ected by sample sizes and contain arbitrary constants. Therefore, the values are
rescaled for each model h by

�h = AICh ≠ AICmin, (1.47)

where AICmin is the lowest AIC value among the comparing models and therefore, �h = 0
for the best model. The value of �h can be interpreted as the information loss experienced in
the case of using the model h rather than the best model. Such an interpretation is intuitive,
meaningful and the comparison is straightforward and quick.

Values with the di�erences �h Æ 10 can be seen as indi�erent and the models are considered
to be equally good. On the other hand, values with the di�erences �h Ø 10 can lead
to a significant di�erence between the models and the model h is seen as the worse model.

Bayesian information criterion (BIC) was introduced in Schwarz et al. (1978) and it is closely
related to AIC. The value of likelihood is possible to be increased by adding more parameters
to the model. Therefore, AIC could choose an overfitted model to be the best option more
easily than BIC, which is proposed to penalize models with more parameters. The BIC for a
model h is defined:

BICh © ≠2¸h + log(N)k, (1.48)
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where N is the number of observations. For the time series it holds that N = T , where T

is the length of the time series. As for AIC, the best model is the one having the minimum
value of BIC among all other models.

Comparison of the estimated coe�cients

Evaluated models can be also compared from a di�erent point of view. The estimates
of the static parameters for each index can be compared over di�erent time periods. This
could lead to an idea whether these parameters actually change in time or stay constant.
The values of pairs of coe�cients can be tested using Z-test in a formulation provided by
Paternoster et al. (1998). For a pair of coe�cients from two di�erent models, the formula
for the test statistic is given by

Z = —̂1 ≠ —̂2Ò
SE(—̂1)2 + —̂2)2

, (1.49)

where —̂1 and —̂2 are the values of estimated coe�cients for model 1 and model 2, respectively
and SE() are the corresponding standard errors. Under the null hypothesis the coe�cients
are equal and the test is based on the Gaussian distribution.

Backtesting VaR and ES

Backtesting verifies the precision of VaR and ES predictions. It refers to a procedure which
uses historical data for testing the adequacy of the predictive model (P. Christo�ersen, 2010)
and controls the correctness of the unconditional and conditional left-tail of the returns’
distribution (Ardia et al., 2018). The sample of the length T is divided into two parts: in-
sample of the length m and out-of-sample of the length T ≠m. Firstly, the model is estimated
with the in-sample to forecast the observation m + 1 (i.e. one-step ahead forecast). Then the
original observation m + 1 is included into the sample and the model is estimated again to
make another one-step ahead forecast for the observation m + 2 and so on.

This approach is called rolling and expanding windows and it is described for example in Vas-
concelos (2017). According to whether the observations are kept in the sample or dropped
in each iteration to keep the sample of the same size, the windows are called expanding or
rolling, respectively. The rolling windows are preferred due to their better fit in both small
and large samples in case that both windows seem to be identically accurate.

It can be also set how often the model coe�cients should be re-estimated meaning that
the model does not have to be estimated in every iteration but for example, every fifth itera-
tion. The estimated model is then used for four predictions before it is estimated again. Note
that for a longer prediction step it is necessary to use simulations. The output of the rolling
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windows are predicted values of the length T ≠ m and they are used to calculate the values
of VaR and ES.

Correct unconditional (UC) and conditional (CC) coverage is tested after obtaining the pre-
dictions for VaR and ES. The di�erence between UC and CC is that UC evaluates the left-tail
of the unconditional distribution of returns while CC focuses on the conditional density func-
tion of the returns. Afterwards, the series of VaR exceedance is obtained:

dt © I{rr < V aRt(–)}. (1.50)

This series is also called the hitting series and if the model is correctly conditionally covered,
dt should be independently distributed.

Dynamic quantile (DQ) test of Engle and Manganelli (2004) is based on the joint hypothesis
that firstly, the hitting series are independently distributed and secondly, that the expected
proportion of exceedance is equal to the risk level –, i.e. E[dt] = –. DQ test is then basically
the traditional Wald test of the joint null hypothesis that all model parameters are equal to
zero in the following linear regression:

Hit–
t = ”0 +

Lÿ

l=1
”lHit–

t≠1 + ”L+1V aRt≠1(–) + ut, (1.51)

where Hit is a de-meaned process which the implementation of DQ test involves and it is
defined as Hit–

t © dt ≠ –. If the model is correctly specified, Hit–
t has zero mean and is se-

rially uncorrelated. Therefore, the null hypothesis of DQ test can be interpreted as the
correct unconditional and conditional coverage and not rejecting the null hypothesis is de-
sired. The Wald test statistic has asymptotic Chi-square distribution with L + 2 degrees of
freedom. Ardia et al. (2018) refer that the standard choice is to set L = 4 lags.

Loss functions

The final step is to choose the best performing model by ordering them according to the
values of the corresponding loss functions for quantile prediction or count their ratios (Ardia
et al., 2018). Quantile Loss (QL) function is very frequently applied for quantile regressions
in the VaR evaluation and Fissler and Ziegel (FZL) loss function for the joint VaR and ES
evaluation. The QL function for time t at risk level – is defined:

QLt(–) © (– ≠ dt)(rt ≠ V aRt(–)). (1.52)
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Ardia et al. (2018) point out that QL is an asymmetric loss function which penalizes more
heavily the observations that exceeded the VaR. Quantile losses are averaged over the fore-
casting periods and the preferred model is the one with the lower average value. Moreover,
two models (A and B) can be compared by looking at the ratio of associated average QLs. If

QLA

QLB
< 1, (1.53)

then model A is better than model B. Furthermore, VaR can be estimated by minimizing
the average QL for a static conditional distribution over the sample. It is not possible to do
the same for the second risk measure ES since there is no appropriate loss function, which is
elicitable. However, Fissler et al. (2016) show that VaR and ES are jointly elicitable using
FZ loss function, which is named according to the first letters of their names (Fissler and
Ziegel). The loss function for vt and et which correspond to VaR and ES for the minimum
sample average is given by

FZ(rt,vt,et,–,G1,G2) © (dt ≠ –)
A

G1(vt) ≠ G1(rt) + 1
–

G2(et)vt

B

≠

≠ G2(et)
A

1
–

dtrt ≠ et

B

≠ G2(et). (1.54)

G1 is a weakly increasing function, G2 is strictly positive and strictly increasing function and
GÕ

2 = G2. Let’s assume that VaR and ES are strictly negative and the generated loss di�er-
ences are homogeneous of degree zero i� G1(x) = 0 and G2(x) = ≠ 1

x . Then the associated
joint loss function FZL for time t at risk level – is formulated as

FZL–
t © 1

–ES–
t

dt(rt ≠ V aR–
t ) + V aR–

ES–
t

+ log(≠ES–
t ) ≠ 1 (1.55)

for the case when ES–
t Æ V aR–

t < 0. FZLs are also averaged over the forecasting period
and the preferred models are models with lower average values. Furthermore, the ratios of
FZLs can be evaluated for two models (A and B) and if

FZLA

FZLB
< 1, (1.56)

then model A is better than model B considering both risk measures VaR and ES.
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1.7 Stock Indices Analysis

Arlt et al. (2003) mentioned that financial time series and the returns especially have some
characteristic properties, which are needed to test. One of the oldest models capturing
the behavior of the asset prices is the model of martingale. It assumes that all the past prices
of the assets are known and the best information for the prediction of tomorrow’s price is the
price today. Therefore, the martingale is given by

Pt = Pt≠1 + at, (1.57)

where Pt is the price at time t and at is the martingale di�erence. But comparing it to the
random walk, at does not follow the white noise. If it is assumed that at follows the Gaus-
sian distribution with the zero mean and constant variance, there is an imperfection since
the prices can not be negative. That is the reason why the analytics model returns and
not the prices themselves. The returns of assets can be both positive and negative and if
they follow log-Normal distribution then the logarithm of the returns follows the Gaussian
distribution. The logarithmic returns multiplied by 100 are then written as

rt = (ln Pt ≠ ln Pt≠1) ◊ 100. (1.58)

The basic assumption about the financial time series is that the logarithmic returns have
the Gaussian distribution with a constant mean value and constant variance. However, this
does not hold for the market assets. These series are rather leptokurtic and skewed (Bernardi
et al., 2015).

From now on, the term ’returns’ continue to be used meaning the logarithmic returns mul-
tiplied by 100. The normality of the series can be tested using Shapiro-Wilk normality test.
This test became preferred since it evinces good power properties. The sample size N must
be less than 5000 but greater than 3 and it detects the deviation from normality by looking
at the skewness and the kurtosis (Razali et al., 2011). For the ordered random sample with
values yi where i = 1, . . . ,N , the test statistic is formulated

W = (
qN

i=1 aiyi)2
qN

i=1(yi ≠ ȳ)2 , (1.59)

where ȳ is the sample mean and the coe�cients ai are given by

a = (a1, . . . ,aN ) = (mÕV ≠1)
(mÕV ≠1V ≠1m)1/2 . (1.60)
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The vector m contains the expected values of the order statistics of independent and identi-
cally distributed random variables sampled from the standard Gaussian distribution and V is
the covariance matrix of those order statistics (Razali et al., 2011). The statistic value W lies
between zero and one and the values closer to zero rather lead to the rejection of normality.
Note that for the time series holds that N = T where T is the length of the time series.

Another characteristic is stationarity, which means that the statistical properties that gener-
ate the stochastic process do not change over time. This is important due to its simplification
of the analysis and the possibility to predict the series. Arlt et al. (2003) point out that sta-
tionarity is not a property of the realized time series but a property of the stochastic process.

Stationarity can be strong or weak. Strong stationarity means that the probability behavior
of the random stochastic process is time invariant. If the mean of the process is constant,
the variance is finite and constant and the covariance depends only on the di�erence between
two times, then the process is called weakly stationary. In practice, only weak stationarity is
used because it is quite easy to estimate the first two moments and the term stationarity is
commonly understood as the weak version.

A commonly applied test is the Augmented Dickey-Fuller (ADF) test which is an extended
version of the Dickey-Fuller test (Qiu, 2015). The di�erence is in handling more complicated
time series and larger input data. These tests equal for the lag order p = 2. ADF test is
applied to the model

�yt = µ + —t + flyt≠1 + —1�yt≠1 + . . . + —p≠1�yT ≠p+1 + ut, (1.61)

where � denotes the first order di�erences of yt, µ is a constant term, — is the coe�cient for
the time trend, p is the lag order and T is the length of the series. The ADF statistic is then
given by

ADF = fl̂

SE(fl̂) , (1.62)

where fl̂ is the estimated coe�cient and SE is the corresponding standard error. ADF
statistic is a negative number and more negative values stand for stronger rejection of the null
hypothesis. The alternative hypothesis is the stationarity.
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2. GAS and RUGARCH Packages in R

One of the very common programming languages for statistical data analysis is the R lan-
guage. It was created by Ross Ihaka and Robert Gentleman at the University of Auckland
in New Zealand (Ihaka et al., 1996) and it continues to be developed by R Core Team. It
first appeared in 1993. R is a free software and it runs on the base of user-created packages
which extends the statistical techniques and graphical tools.

Beside others, two main packages were used in this thesis for modeling the price returns.
The first one is GAS, which was published recently in 2016 and it can be used for both uni-
variate and multivariate GAS models (Catania et al., 2019). The second one is RUGARCH,
which was created in 2011 and it contains functions that help with univariate GARCH models
(Ghalanos et al., 2019).

In this Section, the functions and properties of both packages will be shortly described fol-
lowing the R documentation (Catania et al., 2019), (Ghalanos et al., 2019) or (Ardia et al.,
2018).

2.1 Package GAS

This package was designed to cover estimation, simulation and forecasting GAS models
and contains numerous functions. Basically, functions for univariate modeling has a pre-
fix Uni and for multivariate Multi. They return an object with a prefix u for univariate and
m for multivariate approach. These functions are GASFit for estimating the vector of static
parameters, GASFor for one-step ahead forecast (prediction) of the time series, GASRoll for
one-step ahead rolling forecast and GASSim for simulations.

UniGASSpec :

Firstly, the specification of the model must be set. There is a special function UniGASSpec
which returns an object uGASSpec with the model setting. This object enters the fitting
function afterwards. There are three arguments including the type of the distribution (Dist),
scaling type (ScalingType) and the list of time-varying parameters (GASPar).

Dist is a character indicating the conditional distribution. By default (Dist = norm), i.e.
the Gaussian distribution. Available distributions together with their properties can be dis-
played running command DistInfo() and the setting for used distributions are shown in Ta-
ble 2.1.
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ScalingType is a character representing the scaling mechanism for the scaled score. There
are three most common sets, which were described in Section 1.3 and which are related to
the additional parameter “ formulated in Equation 1.15. Therefore, ScalingType = Identity is
used in case of “ = 0, Inv is for “ = 1 and InvSqrt is for “ = 1

2 . Some distributions do not
support all the scaling types. The list of available ones is attached to Table 2.1. The default
value is ScalingType = Identity, that is no scaling occurs.

GASPar is a list of all parameters containing information about which parameters are set
to be time-varying. Maximum of four parameters can be taken into account according
to the type of distribution as can be seen in Table 2.1. Parameters are location, scale, skewness
and shape referring to location parameter, scale parameter, parameter controlling the skew-
ness and shape parameter. However, it is recommended to check their statistical meaning in
DistInfo() or the literature. For example, parameter shape refers to the degrees of freedom for
Student’s t distribution or parameter location represents the usual intensity rate parameter
for Exponential distribution. The default values are set to GASPar = list(location = FALSE,

scale = TRUE, skewness = FALSE, shape = FALSE).

It is necessary to assign a name to the specification settings, GASSpec is often used. Then it
can be displayed by calling the object GASSpec and see what was set.

Distribution Label Parameters # Scaling type

Gaussian norm location, scale 2 Identity, Inv, InvSqrt
Skew-Gaussian snorm location, scale, skewness 3 Identity
Student’s t std location, scale, shape 3 Identity, Inv, InvSqrt
Skew-Student’s t sstd location, scale, skewness, shape 4 Identity

Table 2.1: Statistical distribution and their available settings in R

UniGASFit :

After the specification setting is ready, the maximum likelihood estimation can be run.
The function is called UniGASFit and it returns an object uGASFit with several lists. To-
tal of four arguments enter the function but only two are required: GASSpec and data.

GASSpec is an object of the class uGASSpec which was created using the function UniGASSpec.
Argument data is a numeric vector containing the time series. Objects of class ts, xts and zoo
are also possible to be used.

fn.optimizer is by default equal to fn.optim and it is a function where the optimizer is set.
BFGS is the optimization method for fn.optim. It is an iterative method and very famous for
solving unconstrained non-linear problems (Dai, 2002). If this argument wants to be changed,
a new function needs to be created (see the R documentation for more details (Catania et al.,

29



2019)). Starting values for the optimizer are chosen in two steps. Firstly, the static version
is estimated with A = 0 and B = 0 and on this basis, the initial value for the intercept is
set. Secondly, a grid search for the coe�cients in A and B is executed.

Compute.SE is a logical argument signifying whether the asymptotic standard errors should
be computed. By default Compute.SE = TRUE.

The output can be seen by calling the assigned object and it is divided into six parts: 1) sum-
mary of the model specification, 2) estimated coe�cients along with the standard errors
and significants, 3) values of the unconditional parameters meaning the value of the time-
varying parameters, 4) AIC and BIC, number of estimated parameters and the evaluated
log-likelihood at its optimum, 5) convergence and 6) the computation time.

The estimated coe�cients called kappa correspond to the elements of vector Ÿ and coe�cients
a, resp. b represent the diagonal elements of matrix A, resp. B. If the parameter is not set
to be time-varying, corresponding coe�cients a and b are not estimated neither displayed.

Several methods of extracting objects of interest are also implemented in the package. These
are coef for the estimated coe�cients, getMoments for the moments, plot for the basic graphs
and others. The argument of these methods is object of class uGASFit.

UniGASRoll :

One-step ahead forecast is a pivotal element in the time series analysis. There is UniGASFor
function in the package which predicts the future values. However, forecasting is not a goal
of this thesis and this function is not used.

Nevertheless, another approach based on forecast are expanding and rolling windows. It is
described in Section 1.6 in detail. The corresponding function in R is called UniGASRoll and
take at least eight arguments. It return an object uGASRoll.

Argument data is simply a numeric vector of the whole time series, GASSpec is an object of
the class uGASSpec created using UniGASSpec.

ForecastLength is an integer stated to the length of the out-of-sample period. By default
ForecastLength = 500.

Nstart is an integer setting the length of the in-sample before the first prediction is performed.
This argument is ignored when ForecastLength is supplied. Therefore, the default value is
NULL.

RefitEvery is an integer which ensures how often the model coe�cient are re-estimated. By de-
fault RefitEvery = 23.
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RefitWindow is a character signifying the type of the windows. Possible choices are recursive
for the expanding windows approach or moving for the rolling windows.

Compute.SE is a logical value, where can be set whether the asymptotic standard errors should
be computed. By default Compute.SE = TRUE.

Beside other additional arguments connected to UniGASFit, PARALLEL package can be
used to speed up the computations. Firstly, a cluster object must be created. And then, it is
assigned within the argument cluster.

It is possible to extract the summarized info about the procedure, the whole history of esti-
mated coe�cients and associated moments. In case that the model is assigned to be called
Roll then these information can be get by calling one of follow: Roll@Info, Roll@Forecast$Coef,
Roll@Forecast$Moments.

BacktestVaR :

GAS package also provides some common tests. The first one is called BacktestDensity, which
evaluates the average Negative Log Score (NLS) and weighted Continuous Ranked Probability
Score (wCRPS). More about these in Gneiting et al. (2011). However, they are not used in
this thesis.

Another one is BacktestVaR and this one is used for testing the correct model specification
for Value at Risk (VaR). The function evaluates six tests or quantities (the shortcut used in
the output in R and the references are mentioned in the parenthesis behind):

• The unconditional coverage test of Kupiec (LRuc) (Kupiec, 1995),
• The conditional coverage test of Christo�esen (LRcc) (P. F. Christo�ersen, 1998),
• The Dynamic Quantile test of Engle and Manganelli (DQ) (Engle; Manganelli, 2004),
• Mean and maximum absolute deviation between the observations and the quantiles

(AD),
• Average quantile loss and quantile loss series (Loss),
• Actual over Expected exceedance ratio (AE).
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2.2 Package RUGARCH

Initially, GARCH models were fully covered in the package RGARCH. Later, it was split into
two packages for univariate (RUGARCH ) and multivariate models (RMGARCH ). Package
RUGARCH can be used for estimating, forecasting or simulations and many others. An ad-
ditional ability is to run pure ARFIMA models with constant variance. These functions
contain in their name arfima. The functionality is similar to GAS package and the package
does not guarantee the convergence of the estimated model.

ugarchspec :

Firstly, the specification of the model must be set. There is a special function ugarchspec
which returns an object uGARCHspec with the model setting. This object enters the fit-
ting function afterwards. There are many arguments that can be set including the vari-
ance model, mean model, distribution of the model and others. There are three most uti-
lized: variance.model, mean.model and distribution.model. It is necessary to assign a name
to the specification settings to be able to call it for the fitting function.

Argument variance.model specifies the variance model. It is a list with four elements. First
one model sets the type of the GARCH model. Valid models are sGARCH for the standard
GARCH model and variance models fGARCH, eGARCH, gjrGARCH, apARCH, iGARCH and
csGARCH. Second one garchOrder adjusts the GARCH order (p,q). Third element submodel is
included when model = fGARCH and set the sub-model. Valid options are GARCH, TGARCH,

AVGARCH, NGARCH, NAGARCH, APARCH, GJRGARCH and ALLGARCH. The last element
external.regressors is a matrix which contains the external regressors which should be included
in the variance equation. The whole argument is set to variance.model = list(model = sGARCH,

garchOrder = c(1, 1), submodel = NULL, external.regressors = NULL) by default.

Argument mean.model is related to the specification of a mean model and it is a list. The
first element armaOrder specifies the autoregressive (AR) and moving average (MA) orders.
The second element include.mean is a logical argument. If include.mean = TRUE, the mean is
included in the model. The third element archm is a logical argument and can be used when
the ARCH volatility is required to be included in the mean model. By default archm = FALSE.
The fourth element archpow can gain values {1; 2}. By default archpow = 1 which means that
standard deviations will be used in the mean model. If it equals to 2, the variance will be used
instead. The fifth element arfima is a logical argument and by default arfima = FALSE states
for no fractional di�erencing in the ARMA model. The sixth element external.regressor is again
a matrix which contains the external regressors which should be included in the mean equation
and the last element archex is an integer specifying whether the last external regressors should
be multiplied by the conditional standard deviation.

The whole argument is set to mean.model = list(armaOrder = c(1, 1), include.mean = TRUE,

archm = FALSE, archpow = 1, arfima = FALSE, external.regressors = NULL, archex = FALSE).
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The argument distribution.model requires a character, which describes the observation condi-
tional density. Possible choices are norm for the Gaussian distribution, snorm for the skew-
Gaussian distribution, std for the Student’s t, sstd for the skew-Student’s t distribution and
some others (more in R documentation (Ghalanos et al., 2019)).

The remaining arguments, which can be set are for example start.pars, which accepts a list
of starting parameters for the optimization calculation or fixed.pars is a list of parameters,
which should be fixed during the calculation. However, both are not required.

ugarchfit :

After the specification setting is ready, the fitting procedure can be applied. The correspond-
ing function is called ugarchfit and it returns an object of class uGARCHfit. Two arguments
are required spec and data, others are set by default but they can be changed by the user.

The argument spec is an object of class uGARCHfit created using the function ugarchspec
and argument data can be a numeric vector, matrix, data frame, zoo, xts, ts or irts. Other
arguments help to for example change the optimization function.

The package RUGARCH provides numerous functions but no more functions from this pack-
age are used in this work and therefore, they are not described.
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3. Data Description

This chapter covers the description of the used data along with a short history about each
price index that is used. Afterwards, a rationale for the chosen time periods is provided
followed by statistical analysis of the time series’ corresponding to each time period.

The datasets were downloaded from Thomson Reuters Datastream (Datastream, 2019).

3.1 Financial Background

Stock market indices help to describe stock market behavior and compare the returns of in-
vestments. Each index is composed of variously selected companies, whose stock prices are
used for the index calculation, which can be done in varied ways. There are many di�erent
ones, only four of them were chosen: DJIA, S&P 500, FTSE 100 and TOPIX. First two men-
tioned are related to the U.S. stock market, FTSE 100 assesses the market in Great Britain
and TOPIX covers the Japanese market. These four are representatives of the major world
stock market indices.

Open, high, low and last positions are available in the data for each day. Last (closing)
position seems to be most commonly used, for example in the analysis of (Bernardi et al.,
2015) or (Catania et al., 2019). Therefore, this position and its logarithmic returns multiplied
by 100 are used in the thesis.

Stock index DJIA

Dow Jones Industrial Average (DJIA) is the second U.S. oldest market index after the Dow
Jones Transportation Average. It is named after American journalist Charles Dow and statis-
tician Edward Jones. DJIA was first calculated on May 26, 1896 and it is computed as a price
index. The index is composed of 30 largest companies on stock exchanges in the United States.
Corresponding weights are assigned to each company according to their stock prices. This
causes that even large companies have small impact for their numerous share splits in the
past. However, the company selection is in motion of a committee of experts led by Wall
Street Journal and they choose by subjective parameters, for example American economy
representation ability. Therefore, index changes are very rare. Market capitalization is not
taken into account. Nevertheless, it is said to be a good representative of the U.S. Stock
Market (Svoboda, 2008).
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Stock index S&P 500

Standard & Poor’s 500 Index begun to be published in 1943 using an acronym S&P 500 and it
is commonly considered to be one of the best representative of the U.S. economy. S&P 500 is
a capitalization-weighted index and it is made up of 500 companies listed on stock exchanges
in the United States. It is a net price index, therefore paid dividends are not included into
calculations. Individual shares are selected according to the market value and total trading
volume. Analogously to DJIA, the selection of companies also is in motion of a committee of
experts (Svoboda, 2008).

Stock index FTSE 100

The Financial Times Stock Exchange 100 Index (also called FTSE 100) is one of the most
common indicators at the stock markets in Great Britain. It started to be measured on
January 1, 1984 and its initial value was set to 1000 points. This index is composed of one
hundred biggest companies within the meaning of market capitalization. The base is variable
and new companies can replace the old ones when they fulfill a particular limit securing
the full market value. FTSE 100 is followed by FTSE 250, which contains next 250 biggest
companies (Ftse., 2003), (Svoboda, 2008).

Stock index TOPIX

Tokyo Stock Price Index is the second most important Japanese stock market index behind
Nikkei 255. While Nikkei 225 works with the level of current stock prices only, TOPIX sets
weights to companies according to their market capitalization. The index is composed of
more than 1600 companies. The number changes because TOPIX selects companies on the
basis of the free float criterion and only freely traded shares are taken into account. The index
includes all shares of the first business segment of the Tokyo Stock Exchange which is much
more than Nikkei 225. However, some argues that TOPIX is a better Japanese benchmark
and it is a matter of time when TOPIX substitutes Nikkei 225 worldwide. The only drawback
is its relatively short history (Svoboda, 2008).

The whole closing price history of all four indices in in Figure 3.1 where the horizontal axis
represents the original values of the price index (no returns or logarithms). Both DJIA and
S&P 500 go far to the past, while FTSE 100 and TOPIX started around 1980. However,
the far historical values show stable prices until approximately 1980. Then, it begun to
change rapidly. On the contrary, the plots for all four returns in Figure 3.2 evince slightly
di�erent conclusions. The volatility is higher in the far history due to the Great Depression
of the 1930s followed by a significant reduction for DJIA and S&P 500. The remaining two
index returns seems to maintain higher volatility. However, the Black Friday in 1987 cased
larger drop for DJIA and S&P 500.
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Figure 3.1: Historical closing prices for selected stock market indices
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Figure 3.2: Logarithmic returns for selected stock market indices

3.2 Chosen Time Periods

Three di�erent time periods are taken into account for the best demonstration of the di�er-
ences between distributions and modeling approaches. The first period covers Black Monday,
second the global financial crisis in 2007 – 2008 and third represents the last present years.
Each of the chosen periods evinces di�erent properties. The return series will face diverse
shapes, which will examine the models and will lead to an overview of each model and dis-
tribution reaction.

Black Monday is dated on October 19, 1987. The stock market collapsed due to a spectacular
fall of 22.61 % in the DJIA and it is the largest drop in the history of the stock market
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indices. The reason is the declaration of Treasury Secretary James Baker on the weekend.
On October 21, 1987, the DJIA rose back thanks to the additional decline of interest rates
by 10.15 % (Charles et al., 2014). Sudden significant one-day jumps influence the volatility
of distributions which are sensitive to extreme values. An example of such a distribution
is the Gaussian distribution, an example of the opposite one is the Student’s t distribution
with heavier tails. Therefore, it will be interesting to compare the results and see how both
distribution behave under GAS and GARCH modeling. These properties and more for both
distributions were described earlier in Section 1.3.

The first period takes approximately ten years from January 2, 1985 to December 30, 1994
and it covers 2529 days. Detailed returns are presented in Figure 3.3, where the drop is very
well noticeable. In addition, the indices DJIA and S&P 500 seem to be more stable than
FTSE 100 or especially TOPIX, which seems to contend with larger volatility.
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Figure 3.3: Stock market indices returns in 1985 – 1994

The global financial crisis brought about a collapse of international trade for around two years.
It says to be the most serious since the Great Depression of the 1930s. The crisis started in
the United States due to a bursting housing bubble and the growth of subprime mortgage
defaults (Helleiner, 2011). This period di�ers in the length of the drop. In the previous
case, the change was sudden and took only couple of days while the fall in this case took
almost two years. Therefore, the variance rises for all distributions, it is not considered as an
extraordinary situation.

The second period takes almost ten years from Januray 3, 2000 to December 31, 2010 and
it covers 2767 days. Detailed returns can be found in Figure 3.4. The period starts with
higher volatility already for all indices followed by a very stable period until the financial
crisis, where the volatility significantly increases for almost two years from 2007 to 2008 with
an evident peak in the middle.
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Figure 3.4: Stock market indices returns in 2000 – 2010

The last present years covers a period from January 4, 2000 to March 15, 2019 (i.e. the date
when the data were downloaded). There are several cases, where a sudden drop can be
observed. Despite of much slighter change, some of the sensitive distributions again treat it
as a significant change in variance.

The last period contains 2315 days and the returns can be found in Figure 3.5. Comparing
this figure with the previous two it could seem to lead to much larger volatility. However,
it is important to notice that the scale is half. Therefore, the fluctuations look larger.

Figure 3.5: Stock market indices returns in 2010 – 2019
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3.3 Time Series Analysis

Each period and index is analyzed by looking at the basic statistics, which are minimum,
maximum, mean, median, first quantile and third quantile to get an idea about the data.
There is the same pattern in all cases. The mean value is almost zero (slightly higher) which
fulfill the assumption about the zero mean values of the series. Looking at the quantiles
the first one is always lower than the third one in absolute term, which follow the next
assumption about skewed distributions. The data are obviously significantly left-skewed. And
finally, the maximum value is lower than the minimum value in absolute term, which is caused
by the behavior of the returns. The positive ones do not behave the same as the negative
ones.

1985 ≠ 1994

Index Min 1st qu. Median Mean 3rd qu. Max
DJIA -25.632 -0.409 0.059 0.046 0.515 9.666
S&P 500 -22.900 -0.369 0.056 0.040 0.491 8.709
FTSE 100 -13.029 -0.505 0.062 0.036 0.634 7.597
TOPIX -15.810 -0.503 0.028 0.022 0.558 9.116

2000 ≠ 2010

Index Min 1st qu. Median Mean 3rd qu. Max
DJIA -8.201 -0.579 0.042 0.000 0.589 10.508
S&P 500 -9.470 -0.629 0.051 0.006 0.621 10.957
FTSE 100 -9.266 -0.625 0.036 0.006 0.659 9.384
TOPIX -10.007 -0.749 0.016 0.024 0.822 12.865

2010 ≠ 2019

Index Min 1st qu. Median Mean 3rd qu. Max
DJIA -5.706 -0.329 0.056 0.039 0.484 4.864
S&P 500 -6.896 -0.336 0.056 0.040 0.502 4.840
FTSE 100 -4.779 -0.468 0.041 0.013 0.530 5.032
TOPIX -9.952 -0.611 0.061 0.025 0.711 7.715

Table 3.1: Fundamental statistics of the returns’ series for each period

Normality test

Earlier in Section 1.7 basic characteristics of the time series are described along with cor-
responding tests. The first one was normality tested using the Shapiro-Wilk normality test
which is often violated for the price returns. Its distribution is usually fat tailed and skewed.
The results of this test are in Table 3.2 for each index and all three time periods. It can be
seen that tests for all time series reject the normality very strongly, the values of Shapiro-Wilk
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statistic are close to one and p-values are almost zero. The lowest is W = 0.764 for DJIA in
the first period but it is still very strongly rejected. These results are not surprising.

1985 ≠ 1994 2000 ≠ 2010 2010+

Index W p-value W p-value W p-value
DJIA 0.764 0.000 0.920 0.000 0.944 0.000
S&P 500 0.784 0.000 0.917 0.000 0.937 0.000
FTSE 100 0.893 0.000 0.931 0.000 0.969 0.000
TOPIX 0.879 0.000 0.952 0.000 0.943 0.000

Table 3.2: Shapiro-Wilk normality test

Stationary test

The second presented test is Augmented Dickey-Fuller test which tests the stationarity. This
property is important for volatility modeling, however it should follow from the characteristics
of the return time series that this property is fulfilled. Running the tests for each index in each
time period confirmed that stationarity is fulfilled for all cases. The p-values are lower than
0.01 which leads to rejecting null hypothesis about unit roots, i.e. about non-stationary
process. The lag is determined by the test itself and it was set to p = 13.

1985 ≠ 1994 2000 ≠ 2010 2010+

Index DF p-value DF p-value DF p-value
DJIA -13.387 <0.01 -14.288 <0.01 -14.028 <0.01
S&P 500 -13.572 <0.01 -14.122 <0.01 -14.151 <0.01
FTSE 100 -11.789 <0.01 -14.157 <0.01 -14.016 <0.01
TOPIX -12.853 <0.01 -14.325 <0.01 -13.235 <0.01

Table 3.3: Augmented Dickey-Fuller test
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4. Empirical Study

Firstly in this section, it is explained why only some distributions are considered for the mod-
eling along with the setting of the time-varying parameters and choosing the scaling type.
The volatility estimation for di�erent distributions follows along with the associated estimates
of VaR and ES. The GAS models are compared using two information criteria AIC and BIC.
The equality of the estimated coe�cients is tested over the three time periods.

The last part is concerned with the backtesting. Three di�erent refit steps in rolling windows
are utilized. VaR and ES are then estimated and the GAS models are evaluated using the dy-
namic quantile test, the quantile loss function and the FZ loss function resulting in selecting
the most suitable GAS model for the return series.

4.1 Choosing the Conditional Probability Distributions

GAS models provide a wide range of possible conditional distributions. However, since
the price returns are often fat tailed and skewed, the most common distributions are Student’s
t and skew-Student’s t as it was described in Section 1.3. This property is often demonstrat-
ed by comparing the results with the Gaussian distribution which is symmetric and very
sensitive to extreme values and changes in variance.

4.2 Choosing the Time-varying Parameters

All evaluated distributions have the same parameters location and scale. From the charac-
teristics of the returns it does not make sense to allow location to be time-varying. In Section
3.3, there was shown that the series has zero mean. Therefore, location will not be consider
as a time-varying parameter.

Another parameter is scale (or variance), which is directly connected to the volatility. Volatil-
ity is estimated by the sample standard deviation mentioned in Section 1.1. Therefore,
the square root of the scale is used to estimate it and visualized it. Setting scale to vary over
time follows the properties of price returns.

The third parameter is skewness, which measures the asymmetry of the distribution. Gaus-
sian and Student’s t distributions are not skewed since they are symmetric distributions.
Skew-Student’s t is a representative of skewed distributions. It was tested whether the pa-
rameter of the skewness is significant or there is no point including it in the further models.
GAS estimations of skew-Student’s t for two di�erent indices in two di�erent periods were
obtained, specifically returns of S&P 500 in the period of the financial crisis and first 500
observations of DJIA index. In both cases the estimated parameters related to the skewness
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resulted not to be statistically significant. Therefore, the skewness parameter is not con-
sidered to be time-varying from now on in the apporaching model settings. The values of
estimated parameters along with the standard errors, t statistics and p-values can be found
in Appendix in Tables A.1 and A.2.

The last parameter is shape and it describes the shape of the distribution. As it was mentioned
earlier, the return series are often leptokurtic, which means that the kurtosis is higher than
for the Gaussian distribution (kurtosis of the Gaussian is three) and also the distribution has
fatter tails. An example of a leptokurtic distribution is Student’s t. However, it was tested
whether this parameter changes over time or not considering both Student’s t and skew-
Student’s t distribution.

GAS estimations for di�erent time periods and indices were obtained, specifically it was DJIA
from 1985 till 1994 and S&P 500 for the period from 2010 till 2019 for Student’s t and DJIA
and S&P 500 both from 2010 till 2019 for skew-Student’s t. In all the cases the estimated
coe�cients corresponding to the parameter of kurtosis resulted not to be statistically signif-
icant. It can be assumed that this parameter does not change over time for indices assumed
in this thesis and the parameter is not considered to be time-varying from now on in any
of the following model. The values of the estimated parameters along with the standard
errors, t statistics and p-values can be found in Appendix in Tables A.3, A.4, A.5 and A.6.

4.3 Scaling Functions

There are three scaling functions, which scale the conditional score Òt. If the scaling matrix
St represents the identity matrix, the scaling function is called ’identity’ meaning that there
is no scaling. If the scaling matrix is equal to the inverse information matrix, the scaling
function is called ’inverse’ and the last type is ’squared inversion,’ where the scaling matrix
is the square root of the information matrix.

However, the scaling does not have to produce significant di�erences. Two scaling functions
were tested against each other, identity and inverse, over two periods 1916 – 1919 and 2012 –
2013. Only the scale parameter was set to be time-varying. The result of the GAS estimations
can be seen in Figure 4.1. The red line represents the square root of estimated second moment
(i.e. standard deviation) considering the identity scaling and the green line considering the
inverse scaling. Both are plotted against the original return values of the price index DJIA,
which is black colored. It seems that there is basically no di�erence. The lines almost blended
into one. Therefore, it can be concluded that in these cases the scaling functions of the price
indices return does not influence the estimated volatility. Henceforward, only the identity
scaling function is taken into account in the following modeling.

Two models did not manage to converge. Both with the skew-Student’s t distribution, specifi-
cally for the FTSE 100 in the period 1985 – 1994 and for TOPIX in the period of the financial
crisis. Therefore, they are not considered from now on due to incorrect results.
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Figure 4.1: Comparing two di�erent types of scaling (identity and inverse)

4.4 GAS Models

Reducing the number of considered distributions, time-varying parameters and scaling func-
tions helps to simplify and speed up the analysis. To remind the final setting for GAS models,
Section 4.2 set the time-varying parameter to be only the scale, Section 4.3 explained why
the scaling function is set to identity and Section 4.1 chose three comparing distributions:
Student’s t, skew-Student’s t and Gaussian.

In this way, GAS models were estimated for each price index over each time period and the val-
ues of AIC and BIC were evaluated. Three models in each period for each index were com-
pared. The values of AIC are the lowest for the model with the conditional Student’s t

distribution. Only in two cases the AIC is lower for skew-Student’s t but the di�erence is
negligible since the di�erence �h corresponding to Equation (1.47) is less than 10. The sec-
ond information criterion BIC is the lowest for models with the Student’s t distribution in
all cases. The summary of the AIC, �h and BIC values for the period of 1985 – 1994 are
in Tables 4.1 and 4.2. The values for the remaining periods are in Appendix in Tables A.7
and A.8.

DJIA S&P 500

Distribution AIC � BIC AIC � BIC
Student’s t 6207 0 6236 5997 0 6026
skew-Student’s t 6209 1.90 6244 5999 1.87 6034
Gaussian 6746 539.45 6769 6415 418.06 6438

Table 4.1: The values of AIC, �h and BIC in the period 1985 – 1994 for DJIA and S&P 500
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FTSE 100 TOPIX

Distribution AIC � BIC AIC � BIC
Student’s t 6379 0 6408 6635 1.06 6664
skew-Student’s t 6512 132.62 6547 6634 0 6669
Gaussian 6542 162.98 6565 7079 444.92 7102

Table 4.2: The values of AIC, �h and BIC in the period 1985 – 1994 for FTSE 100 and
TOPIX

Square roots of scales estimated over the whole period can lead to better comprehension
in the di�erences between both considered distributions. They are plotted against each other
in Figures 4.2, where two plots can be found. The first one represents the index S&P 500 over
the period 1985 – 1994 and the second one the index TOPIX over the same period. The green
line corresponds to the Student’s t distribution and the red line to the Gaussian. This period
is characterized by few sudden big drops or growths where the model with the Gaussian
distribution significantly increase the variance while the leptokurtic Student’s t assesses it as
the rare extreme value from the tail and the variance does not increase so dramatically. This
figure leads to a belief in better GAS model with conditional Student’s t distribution since
the variance is not influenced by drops so heavily.
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Figure 4.2: Comparing the estimates of volatility for models with Student’s t and Gaussian
distribution for two indices in period 1985 – 1994

44



Value at Risk and Expected Shortfall

A common interest is in the values of VaR and ES. A very simple indicator is the average
value of VaR or ES over the time horizon. Arithmetic mean is sensitive to extreme values
and therefore, significantly di�erent mean values could point out to one or more extreme
values. These were counted in Table 4.3 for GAS models for the time period from 1985
to 1994 and the remaining values for the second and third period can be found in Appendix
in Tables A.9 and A.10.

The lowest values out of all the cases do not belong to the GAS model with the Student’s t

distribution, but very often to the Gaussian due to the estimated spikes. However, the dif-
ference is not dramatical (except of the TOPIX in 1985 – 1994, where the Gaussian model
boomed and increase the variance to an enormous value during Black Monday which caused
extreme di�erence between these two distributions).

DJIA S&P 500 FTSE 100 TOPIX

Distribution V aR ES V aR ES V aR ES V aR ES

Student’s t -2.31 -3.12 -2.2 -2.93 -2.11 -2.56 -2.66 -3.5
skew-Student’s t -2.33 -3.14 -2.21 -2.95 -2.34 -2.95 -2.57 -3.38
Gaussian -3.21 -3.69 -2.29 -2.63 -2.07 -2.37 -8.22 -9.43

Table 4.3: Average VaR and ES for GAS models in the period 1985 – 1994

The reason can be intuitive by looking at Figure 4.3, which compares GAS models with two
conditional distributions, specifically Student’s t and Gaussian for two indices S&P 500 and
TOPIX in the period 1985 – 1994. The red line stays to represent the estimated volatility,
the blue line corresponds to the estimated values of VaR and the green line to ES. Estimated
VaR for both indices using the GAS model with the Student’s t distribution copies the fluctu-
ations of the returns much more strictly than the GAS model with the Gaussian distribution.
Therefore, it is evident that the average value of VaR can be lower for the second model.

Estimates of the ES show the di�erences between the distributions even better. Sudden
shocks in the returns along with the jumps in the variance are accompanied by the extreme
drops in the estimated values of ES. That is exactly the reason why the VaR is criticized.
It does not take into account the tails of the distribution, which can rapidly influence the
estimates. The ES seems to be low for most of the time but when there is an unexpected drop
or boom, it jumps. Therefore, the GAS model with the Student’s t distribution estimates
the volatility better despite having lower average value of ES since it copies the behavior of
returns without many extreme booms.
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Figure 4.3: Comparing VaR and ES for GAS models with Student’s t and Gaussian distri-
bution for S&P 500 and TOPIX in the period 1985 – 1994

GAS coe�cients comparison over time

Until now the models were compared by graphical analysis. The scale is set to vary over
time but the static parameters do not. Once they are estimated, they stay constant over
the corresponding time period. It could be interesting to test whether they also change
over time. Since the GAS model is estimated for the same index with the same conditional
distribution on three di�erent time periods, it is possible. The Z-test given by Equation
(1.49) is used at 5% confidence level.

Most of the coe�cients, which are equal over time are elements of the vector Ÿ. An inter-
esting discovery is an inequality of the elements of the matrix A, which precede the scaled
score and express the relationship to it. The equality holds only for indices DJIA and S&P
500. On the other hand almost all of the coe�cients are equal for the indices FTSE 100
and TOPIX. It is also connected to the behavior of the returns. Figure 3.2 in Section 3.1
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could suggest that the variance is more likely similar for the indices FTSE 100 and TOP-
IX, while DJIA and S&P 500 evince more imbalance and unexpected changes. However,
the first two named indices show continual larger volatility than the second two. Therefore,
the equality of the coe�cients is compensated by larger volatility. This characteristic also
led to the di�erences between the GAS models with Gaussian and Student’s t distribution
in Figure 4.2.

Moreover, the values of the matrix B, which expresses the relation to the past value of the vec-
tor ◊t are statistically equal in almost all cases and the p-value is often very high. It can be
concluded that the autoregressive term does not change in di�erent time periods. Z-scores
and p-values for DJIA for all three distributions are stated in Table 4.4. The remaining values
are in Appendix in Tables A.11 and A.12.

Student’s t

1985–1994/2000–2010 1985-1994/2010+ 2000–2010/2010+

Coe� Z-score p-value Z-score p-value Z-score p-value
Ÿ1 0.451 0.674 -0.819 0.206 -1.249 0.106
Ÿ2 1.007 0.843 -2.308 0.011 -2.839 0.002
Ÿ3 -2.067 0.019 -0.684 0.247 1.677 0.953
A2 -1.660 0.049 -4.300 0.000 -3.132 0.001
B2 0.165 0.566 2.596 0.995 2.555 0.995

skew-Student’s t

1985–1994/2000–2010 1985-1994/2010+ 2000–2010/2010+

Coe� Z-score p-value Z-score p-value Z-score p-value
Ÿ1 0.419 0.662 -0.817 0.207 -1.249 0.106
Ÿ2 0.100 0.540 -1.880 0.030 -1.816 0.035
Ÿ3 -0.081 0.468 0.102 0.541 0.188 0.575
Ÿ4 -2.075 0.019 -0.682 0.248 1.677 0.953
A2 -1.664 0.048 -4.277 0.000 -3.114 0.001
B2 0.175 0.569 2.594 0.995 2.546 0.995

Gaussian
1985–1994/2000–2010 1985-1994/2010+ 2000–2010/2010+

Coe� Z-score p-value Z-score p-value Z-score p-value
Ÿ1 0.905 0.817 -0.096 0.462 -1.070 0.142
Ÿ2 1.848 0.968 -1.247 0.106 -3.134 0.001
A2 0.555 0.711 -1.974 0.024 -2.624 0.004
B2 -3.857 0.000 -1.040 0.149 3.369 0.999

Table 4.4: Z-test of coe�cient equality for GAS models for index DJIA
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4.5 Comparison of GAS and GARCH Models

GARCH models are so far one of the most applied out of all volatility models. Both GARCH
and GAS models described in Section 1.2 and 1.3 belong to the class of observation-driven
models. However, they di�er in the updating mechanism. GAS models have the advantage of
using the complex density structure rather than only means and higher moments. How much
the estimated volatility di�ers may be dependent on the properties of the corresponding time
series as well.

The first example covers TOPIX and S&P 500 in the period from 1985 to 1994 and the con-
ditional distribution is assumed to be Student’s t. In Figure 4.4 the blue line represents
the estimated volatility from GARCH model and the red line refers to the estimated volatil-
ity from GAS model. The original returns are black colored.

TOPIX is characterized by more fluctuations, which both models have a problem to smooth
out comparing to the S&P 500. It can be very well seen that GARCH model is even more
sensitive than GAS model and the estimated volatility is larger, it exceeds the GAS in a sig-
nificant part of the cases.

On the other hand, S&P 500 evinces more constant variance and both models managed to
smooth out the series very well and similarly. However, the di�erence between GAS and
GARCH models is significant for the extreme values and especially for Black Monday, where
GARCH unexpectedly jumped away. So far, it seems that GARCH is sensitive to extreme
values (meaning price shocks) since the dependency on the first lagged value is very strong.
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Figure 4.4: Comparing estimated volatility from GAS and GARCH models for TOPIX and
S&P 500 considering conditional Student’s t distribution in the period 1985 – 1994

The second example in Figure 4.5 represents estimated volatility for DJIA also assuming the
Student’s t distribution in the period 2010 – 2019. The lines denote the same as the previous
figure. However, there is suddenly almost no di�erence between both models, the lines copy
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each other and the GARCH model does not seem to contend with higher variance. DJIA has
di�erent behavior in this period, it is more stable and the fluctuations are more balanced, no
extreme shocks, which could be the reason why both model almost do not di�er.
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Figure 4.5: Comparing estimated volatility from GAS and GARCH models for DJIA assuming
conditional Student’s t distribution in the period 2010 – 2019

The evaluated 1 % VaR evinces a similar impacts for TOPIX and S&P 500. Both cases
are plotted in Figure 4.6, where the VaR from GAS model is blue lined and the VaR from
GARCH is green lined. In general, the VaR for TOPIX fluctuates much more than for S&P
500. However, extreme values, especially Black Monday, show a huge jump for both indices
applying GARCH model. The same stands for the DJIA in Figure 4.7 (note that colors are
reversed for better visibility). Since the GARCH model did not create such deviations or
price shocks, there are no sudden jumps. Despite of no significant di�erences between both
estimates, the GAS model estimates the values of VaR constantly higher than the GARCH
model. This did not apply to the previous two examples. It shows that the behavior of
returns influence the resulted estimated VaR and ES and it can not be generally said that
GARCH estimated the values lower than the GAS model.

Calculated averages of the 1 % VaR are significantly di�erent and higher for the GAS model
for all the indices in the period from 1985 – 1994 and for 2010 – 2019, whilst they are lower
or the same for the period including the financial crisis. It seems that each period has a
di�erent behavior but the whole market shaped up same and therefore, the GARCH and
GAS managed to behave similarly for all the indices. To summarize it, for the first period
from 1985 to 1994, GARCH model evinced a big jumps for the occasional extreme values.
The second period, which covers the financial crisis seems to work with both models the same
and the estimated VaR values are almost identical (Figure 4.8 was added to demonstrate that
the values copy each other over the whole period). And for the last period 2010 – 2019, it
holds that the estimated VaR from GAS model exceeded GARCH almost the whole time but
the shape is nearly the same. Average VaR values for both models are in Table 4.5.
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Figure 4.6: Comparing 1 % VaR for GAS and GARCH models for TOPIX and S&P 500
assuming conditional Student’s t distribution in the period 1985 – 1994
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Figure 4.7: Comparing 1 % VaR for GAS and GARCH models for DJIA assuming conditional
Student’s t distribution in the period 2010 – 2019

1985 – 1994 2000 – 2010 2010 – 2019

Index/model GAS GARCH GAS GARCH GAS GARCH
V aR V aR V aR V aR V aR V aR

DJIA -2.31 -2.15 -2.82 -2.83 -2.11 -1.85
S&P 500 -2.20 -2.04 -2.98 -2.98 -2.21 -1.94
FTSE 100 -2.11 -2.05 -2.82 -2.82 -2.23 -2.04
TOPIX -2.66 -2.48 -3.25 -3.27 -2.88 -2.68

Table 4.5: Average VaR for Student’s t distribution for GARCH and GAS model
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Figure 4.8: Comparing 1 % VaR for GAS and GARCH models for DJIA assuming conditional
Student’s t distribution in the period 2000 – 2010

4.6 Backtesting VaR and ES

Making predictions requires voluminous simulations. However, one-step ahead predictions
can be used in backtesting, where the simulations are not necessary. The one-step ahead fore-
casts are applied in every step of the rolling windows but it depends on the length of the refit
step how often the parameters are re-estimated. The output of the rolling window is a vector
of predicted values, but they are made as one-step ahead forecast and therefore, there is no
need for simulations. Eventually, the values of VaR and ES are evaluated and they can be
compared with the original values from the GAS model. However, the crucial comparison is
based on the dynamic quantile (DQ) test and the loss functions. These can be counted for
each model and assess the quality of the model and the estimated VaR and ES values.

The sensitivity of the refit step for rolling windows

There are two parameters that the rolling windows required to be set. Firstly, the forecast
length (or in other words the length of the out-of-sample) and the length of the refit step.
Since the length of the time series of the returns is around 10 years, which is between two
and three thousand-observations, the length of the out-of-sample was set to 1000, which
represents approximately one third of the whole sample.

The length of the refit step can be from 1 to T where T is the length of the series. Obviously,
the refit step equals to T does not make much sense for the dynamic models. But there is no
rule how to set it. The most common seems to be the length 1 and 5 for daily data (Ardia
et al., 2018). An interesting choice is the length 4 for quarterly data used in (Ardia et al.,
2019), where the motivation is to refit parameters once per year.
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Therefore, the sensitivity of the refit step was tested for the returns data and the values
of the estimated VaR and ES using GAS models were compared. The considered lengths
were 1, 5 and 30. The length of 1 was chosen since it allows to adapt to the changes every
day. The length of 5 was chosen to cover the length of the work week (there is no price
of the market indices during the weekends) and the length of 30 represents the average
length of a month.

It emerged that the lengths of 1 and 5 evince almost identical results. The estimated values
of VaR and ES basically copied each other so it seems that such a small di�erence does not
cause a change for daily data. The di�erence between the lengths of 1 and 30 led to small
changes. They were almost negligible for the Student’s t but they changed a little during the
financial crisis in the end of 2008. This situation is in Figure 4.9 for the FTSE 100 in the
period from 2000 to 2010, where is also the comparison with the original estimated values
of VaR (i.e. without the rolling windows). There are three plots that compare the values
of VaR. In the first one, the black line represents the original values of VaR and the red
line the values of VaR obtained after running the rolling windows with the refit step of 1.
The second plot compares original VaR and VaR with the refit step of 30 and the last plot
compares two values of VaR from the rolling windows. The black line represents the refit
step equals to 1 and the red line to the length of 30.

The ES shows the same pattern as VaR. There are no significant dissimilarities, the lines only
slightly di�er in the end of 2008. By comparing it with the originally estimated values, the re-
fitted ES tends to be slightly lower than the original ES in the first half of the out-of-sample
period. This is also valid for the VaR, but the change is not that obvious. The situation with
ES is in Figure 4.10. The notation is same as in the previous figure.

However, it seems that this does not hold for the conditional Gaussian distribution. In Fig-
ure 4.11 there is a comparison of DJIA in the period from 2010 to 2019. The biggest di�erence
is between the original values of VaR and the re-estimated ones. The colors were reverted due
to better visibility, therefore the original values now represent the red line and the refitted
values the black line. For the third plot in this figure the black line corresponds to the refit
step of the length 30 and the red line equals to the refit step of 1 (same is valid for ES in Fig-
ure 4.12). The rolling windows approach evinces a high sensitivity to the sudden changes
in the original values of the price index and the estimated VaR drops rapidly. This holds for
shocks more than for slight changes but it is valid for both. However, the longer refit step
is even more sensitive. When the changes are gradual and not extreme, all three values of
VaR are almost identical (but the original values of VaR are higher most of the time) and
the refitted values of VaR jump significantly during the price shocks.

Looking at the values of ES in Figure 4.12, the di�erences are also significant between the re-
fitted values and the original, but slightly less than for VaR. Refitted ES still tend to be much
lower in the spikes but otherwise, they copy each other very well.
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Figure 4.9: 1 % VaR for FTSE 100 with the Student’s t distribution in 2000 – 2010
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Figure 4.10: 1 % ES for FTSE 100 with the Student’s t distribution in 2000 – 2010
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Figure 4.11: 1 % VaR for DJIA with the Gaussian distribution in 2000 – 2010
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Figure 4.12: 1 % ES for DJIA with the Gaussian distribution in 2000 – 2010
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It can be concluded that the length of the refit step does not influence the estimated VaR
and ES for the Student’s t distribution and moreover, it does not vary from the originally
estimated values. However, there is a significant di�erence for the Gaussian distribution.
The refitted values exceeds the original values dramatically and this holds for both risk
measures. There is even a di�erence between the refitted values when the longer step tend
to drop more than the shorter step.

Dynamic Quantile test

Dynamic Quantile (DQ) test tests the values of VaR obtained from the rolling window and
uses them to count the Hit processes, which are formulated in Section 1.6 in Equation (1.51).
Under the null hypothesis, the model has correct unconditional and conditional coverage,
in other words the model is correctly specified. This test was evaluated for 1 % and 5 %
coverage rate for each index in each considered period for all three conditional distributions
for each setting of the refit step in GAS models.

The percentage of rejection of the coverage test changes over the periods and the indices, too.
At 5 % confidence level, the GAS model is correctly specified for all indices in each period
with the refit step of 1 looking at the results of 5 % DQ test. However, the 1 % DQ test does
not support it that often. For example, the hypothesis cannot be rejected in the first period
for S&P 500 for any refit step assuming Student’s t or skew-Student’s t distribution but it is
rejected for the Gaussian distribution.

It can not be generally said that the DQ test rejects the correct GAS model specification
for models with the Gaussian distribution rather than for models with the Student’s t distri-
bution or skew-Student’s t distribution in cases covered in this thesis. The null hypothesis
is more often rejected by all the models or none of them for a given refit step in given time
period.

The percentage of rejection of the coverage test is lower for the Gaussian distribution in most
of the cases. An example can be DJIA in the period from 2010 to 2019. All the p-values
are significantly higher than 0.05 but the di�erence is in 0.1 and 0.2 points for the Gaussian
distribution for the refit step of 5 and 30. The p-values for the refit step of 1 are almost equal
for all three GAS models for 5 % DQ test. The same states for S&P 500 in this period.

On the other side, it was mentioned earlier in this Section that FTSE 100 does not evince
significant changes in the variance in this period, it is quite large the whole time. This
seems to be depicted in the results, where the percentage of rejection of the coverage test
is higher for the GAS model with the Gaussian distribution and not for the Student’s t or
skew-Student’s t. The corresponding p-values are mentioned in Table 4.6 for S&P 500 for
the first period and for DJIA and FTSE 100 for the last period. The remaining values can
be found in Appendix in Tables A.13 and A.14.
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1985 – 1994:
S&P 500 refit step = 1 refit step = 5 refit step = 30

5 % DQ 1 % DQ 5 % DQ 1 % DQ 5 % DQ 1 % DQ
Student’s t 0.075 0.072 0.367 0.001 0.393 0.001
skew-Student’s t 0.076 0.056 0.250 0.062 0.281 0.061
Gaussian 0.081 0 0.021 0.000 0.019 0.000

2010 – 2019:
DJIA refit step = 1 refit step = 5 refit step = 30

5 % DQ 1 % DQ 5 % DQ 1 % DQ 5 % DQ 1 % DQ
Student’s t 0.099 0.000 0.412 0.000 0.397 0.000
skew-Student’s t 0.099 0.000 0.412 0.000 0.393 0.000
Gaussian 0.100 0.000 0.244 0.000 0.275 0.000

FTSE 100 refit step = 1 refit step = 5 refit step = 30

5 % DQ 1 % DQ 5 % DQ 1 % DQ 5 % DQ 1 % DQ
Student’s t 0.097 0.106 0.402 0.110 0.426 0.110
skew-Student’s t 0.097 0.102 0.401 0.073 0.491 0.112
Gaussian 0.097 0.016 0.581 0.017 0.582 0.010

Table 4.6: P-values for 1 % and 5 % DQ test of the GAS model correct coverage for selected
indices

Generally, it seems that the test is strongest for the GAS models with the refit step of 1 but
it cannot be said that the test tends to reject the correct coverage for the models with longer
refit step. It seems to be an individual property. However, it can be concluded that the 1 %
DQ test is more strict that 5 % DQ test since it rejects the correct coverage in almost all
cases.

Moreover, it could be tested how much the results change with a di�erent in-sample and
out-of-sample sizes since Dumitrescu et al. (2012) stated that the power of the test tends to
increase when the size of the in-sample increases and decrease when the size of the out-of-
sample increases. However, this is out of the scope of this thesis.

Quantile loss function

Quantile loss (QL) function evaluates the model performance and it penalizes the exceedances
of VaR cases more heavily. A model with a lower value of the function is preferred over the se-
lected models. Models can be assessed also by comparing a pair of models and calculating a
ratio of the corresponding loss functions. This theory was formulated in Section 1.6 in Equa-
tions (1.52) and (1.53).
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The averaged QL functions were calculated for 1 % and 5 % VaR and it turned out that
the lowest values belong to the GAS models with the Student’s t or skew-Student’s t distri-
bution, which confirmed their dominance against the GAS models with the Gaussian distri-
bution. These two are very often almost identical, the di�erence is negligible and the gap
between these and the Gaussian is sometimes less and sometimes more significant. Howev-
er, there are three occurrences, where the lowest value corresponds to the GAS model with
the Gaussian distribution. These cases are FTSE 100 in the first two periods and TOPIX
in the second period. They are summarized in Table 4.7, where can be seen that the di�er-
ences are very small.

It can be observed that the GAS model with the lowest values does not change with the refit
step. The opposite happens only in two or three cases but for the rest of the testing field,
if the model has the lowest value for the refit step of 1 then it will have the lowest for the refit
steps of 5 and 30.

Furthermore, being the leading model according to the 5 % QL does not mean to be the lead-
ing model according to the 1 % QL. This happens actually very often and even the Gaussian
distribution is included. For example for FTSE 100 in the second period, the lowest value of
5 % QL function has the model with the Gaussian distribution, but skew-Student’s t for 1 %
QL function.

1985 – 1994:
FTSE 100 refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.085 0.026 0.085 0.026 0.085 0.026
Gaussian 0.086 0.026 0.087 0.026 0.086 0.025

2000 – 2010:
FTSE 100 refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.168 0.050 0.167 0.049 0.167 0.050
skew-Student’s t 0.167 0.049 0.167 0.049 0.168 0.049
Gaussian 0.166 0.050 0.166 0.050 0.166 0.050

TOPIX refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.175 0.049 0.175 0.049 0.175 0.049
Gaussian 0.174 0.049 0.174 0.049 0.174 0.049

Table 4.7: Results of 1 % and 5 % QL functions for selected indices
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The ratios were calculated for each index in each period for each refit step and both 1 % and
5 % confidence level. Firstly, GAS models with the Student’s t distribution and the Gaussian
are compared and secondly, skew-Student’s t and Gaussian. When the ratio exceeds the
value of one, the model with the Gaussian distribution is better, while for values bellow one,
the model with the Student’s t or skew-Student’s t distribution respectively is better. If the
ratio is equal to 1, there is no di�erence between the models with the relation to the estimated
VaR.

Calculated ratios for the period from 2010 to 2019 for all three refit steps can be found in
Table 4.8. The GAS models with the Student’s t and skew-Student’s t seem to be better.
There is only one case, where the Student’s t is worse than the Gaussian, specifically FTSE
100 without the distinguishing in the length of the refit step. However, the ratio is equal to
one which leads to the fact that there is no preferred or better model. For the remaining
ratios, the GAS model with the Gaussian distribution is usually worse than the Student’s t

or the skew-Student’s t. In few cases, the ratio is equal to one and in only small percentage of
the cases the models with the Gaussian distribution are better (for example, FTSE 100 in the
first period comparing Student’s t and the Gaussian or DJIA in the first period comparing
the skew-Student’s t and the Gaussian). The values of the ratios in the first two periods can
be found in the Appendix in Tables A.17 and A.18.

refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
DJIA ratio ratio ratio ratio ratio ratio

St/Gauss 0.99 0.98 0.99 0.99 0.98 0.98
skew-St/Gauss 0.99 0.99 0.99 0.99 0.98 0.98
S&P 500

St/Gauss 0.99 0.99 0.99 0.99 0.98 0.98
skew-St/Gauss 0.99 0.99 0.99 0.99 0.98 0.99
FTSE 100

St/Gauss 1.00 0.96 1.00 0.96 1.00 0.96
skew-St/Gauss 1.00 0.96 1.00 0.96 1.00 0.96
TOPIX

St/Gauss 0.98 0.91 0.98 0.91 0.98 0.91
skew-St/Gauss 0.98 0.91 0.98 0.91 0.98 0.91

Table 4.8: Ratios of the 1 % and 5 % QL functions for the period from 2010 to 2019
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FZ loss function

There is no individual loss function for ES. However, in Section 1.6 it was shown that VaR
and ES are jointly elicitable and the loss function is FZL function. FZL function is computed
for each point in time given the vector of VaR and ES estimates and it is averaged afterwards.
The lower value is better. FZL was counted for each index in each period for all three refit
steps for each considered conditional distribution at 1 % and 5 % risk level.

The results almost copy the previous loss function. Most often the lowest values of FZL have
the GAS models with Student’s t or skew-Student’s t distribution and the di�erence between
them is negligible. The gap is more significant between the Gaussian and Student’s t or the
Gaussian and the skew-Student’s t. However, the di�erence is very small among all three
models in the few cases, where the lowest value of average FZL belongs to the GAS model
with the Gaussian distribution. These situations correspond to the ones, where the QL
function was the lowest, specifically FTSE 100 in first two periods and TOPIX in the second
period. The only di�erence is that it does not hold for all the refit steps of the given index.
For FTSE 100 in the first period, the Gaussian model has the lowest value for 1 % risk level
for the refit steps equal to 1 and 30, but for the refit step of 5, the lowest value has the model
with the Student’s t distribution. For the second period, the lowest value belongs to models
with the Gaussian distribution only at 5 % risk level with the refit step of 30, while for the
QL function it held for all three refit steps. The results for TOPIX copy the previous ones
in each point.

Once again it seems that the length of the refit step does not influence which model has
the lowest value of the average FZL function. There is only a few exceptions, but overall
it stays the same. The di�erence is very often only between the Student’s t and skew-Student’s
t distribution and it is very small. In Tables 4.9 and 4.10, there are mentioned the average
values of FZL for FTSE 100 in the first two periods and for TOPIX in the second period.
The remaining values can be found in Appendix in Tables A.19 and A.20.

1985 – 1994:
FTSE 100 refit step = 1 refit step = 5 refit step = 30

5 % FZL 1 % FZL 5 % FZL 1 % FZL 5 % FZL 1 % FZL
Student’s t 0.507 0.941 0.507 0.938 0.507 0.940
Gaussian 0.520 0.925 0.531 0.963 0.520 0.913

2000 – 2010:
FTSE 100 refit step = 1 refit step = 5 refit step = 30

5 % FZL 1 % FZL 5 % FZL 1 % FZL 5 % FZL 1 % FZL
Student’s t 1.175 1.615 1.171 1.605 1.173 1.614
skew-Student’s t 1.170 1.599 1.169 1.595 1.172 1.597
Gaussian 1.172 1.670 1.170 1.664 1.171 1.664

Table 4.9: 1 % and 5 % average FZL functions for FSTE 100 in two di�erent periods
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2000 – 2010:
TOPIX refit step = 1 refit step = 5 refit step = 30

5 % FZL 1 % FZL 5 % FZL 1 % FZL 5 % FZL 1 % FZL
Student’s t 1.216 1.571 1.216 1.572 1.215 1.570
Gaussian 1.214 1.601 1.214 1.600 1.213 1.596

Table 4.10: 1 % and 5 % average FZL functions for TOPIX in 2000 – 2010

And finally, the ratios of the average FZL function were computed for all three refit steps at
both 1 % and 5 % risk level. The pairs are the same as in the previous example. Firstly,
GAS models with the Student’s t and the Gaussian distribution are compared and secondly,
the skew-Student’s t and the Gaussian. When the ratio exceeds the value of one, the GAS
model with the Gaussian distribution is better considering both risk measures VaR and ES.
If the ratio is equal to 1, there is no di�erence in the accuracy of the estimated VaR and ES.

GAS models with the Student’s t and skew-Student’s t distributions resulted to be better than
GAS models with the Gaussian. There is only a few cases, where the model with the Gaussian
is better and it is in less cases than QL ratios. An example can be DJIA in the first period,
where the model with the Gaussian distribution was better than the skew-Student’s t at 1%
confidence level for all three refit steps. However, FZL ratios did not reach the value of one
and therefore, the skewed distribution fits better. The GAS models were equally accurate for
DJIA in the second period comparing the Student’s t and the Gaussian at 5 % confidence
level. But looking at the FZL ratios, the Student’s t is better.

The last example represents the opposite situation. The suitability of the Gaussian distri-
bution is even stronger for FTSE 100 in the first period at 1 % confidence level for the refit
step of 30. In both cases the ratio exceeded one but for FZL the ratio is even slightly higher.
In this particular case, the values change with the length of the refit step. If the refit step is
equal to 1, the GAS model with the Gaussian outperformed the GAS model with the Stu-
dent’s t in both cases. If it is equal to 5, the GAS models were equal according to the QL
ratio but the model with the Student’s t distribution is better according to the FZL ratio.

To summarize it, GAS models with Student’s t and skew-Student’s t distributions outperform
GAS model with the Gaussian distribution very significantly and the model with the Stu-
dent’s t is very similar to the skew-Student’s t. The ratios of average FZL function for the last
period for all three refit steps at both risk levels are mentioned in Table 4.11. The remaining
values can be found in Appendix in Tables A.21 and A.21.
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refit step = 1 refit step = 5 refit step = 30

5 % FZL 1 % FZL 5 % FZL 1 % FZL 5 % FZL 1 % FZL
DJIA ratio ratio ratio ratio ratio ratio

St/Gauss 0.97 0.93 0.97 0.93 0.96 0.92
skew-St/Gauss 0.97 0.93 0.97 0.94 0.96 0.92
S&P 500

St/Gauss 0.99 0.94 0.99 0.95 0.98 0.94
skew-St/Gauss 0.99 0.94 0.99 0.95 0.98 0.94
FTSE 100

St/Gauss 0.99 0.94 0.99 0.94 0.99 0.94
skew-St/Gauss 0.99 0.94 0.99 0.94 0.99 0.94
TOPIX

St/Gauss 0.97 0.88 0.97 0.88 0.97 0.88
skew-St/Gauss 0.97 0.88 0.97 0.88 0.97 0.88

Table 4.11: 1 % and 5 % ratios of the average FZL function for the period from 2010 to 2019

4.7 Computational Complications

Absolute majority of the computations run in the programming language R. GAS models are
possible to be estimated and analyzed using the recently developed package GAS. Since the
package is still fresh, published in 2016 by Catania et al., there are some errors and imper-
fections. It turned out that there is a problem with the convergence of other types of scaling
besides identity. Despite proving that the scaling type seems not to be important, it would
be interesting to really analyze it. Unfortunately, none of the models with other than identity
scaling did not converge and therefore, only identity scaling was put into consideration.
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Conclusion

Significant di�erences among volatility estimates from GAS and GARCH models confirmed
not merely graphical analysis. The distinction led to the belief that GARCH models tend to
extremely increase the variance in days with price shocks, while GAS models with the same
observation distribution estimate the volatility significantly lower. VaR estimates for GARCH
models showed that the values significantly fluctuate and reach extreme values in the period
with highly volatile returns, while values of VaR for GAS models were not influenced by the
shocks as extremely as GARCH despite of observable growth of risk as well. If the models were
applied to a tranquil period without shocks or jumps, both models estimated the volatility
very similarly as well the values of VaR.

GAS models with conditional Student’s t and skew-Student’s t distributions evinced very
similar results. Di�erences of AIC �h were negligible and the models considered to be equal-
ly good in all assessed cases for all four indices. Estimated volatility and values of both
risk measures led to similar estimates, which di�ered very slightly. On the contrary, GAS
(GARCH) model with the Gaussian distribution increased the estimated volatility substan-
tially in days of price shocks and jumps, which is not correct since AIC was significantly
higher comparing to AIC of GAS models with Student’s t or skew-Student’s t distribution.
The values of corresponding VaR and ES copied the fluctuations and significantly increase in
days of price shocks or jumps.

The elements of vector of constants Ÿ stayed unchanged for most of the GAS models with all
conditional probability distributions comparing all pairs of chosen time periods. Matrix A,
which represents the step of the update was the same over time periods for the indices DJIA
and S&P 500, where the price returns were more volatile, while they are mostly equal for
remaining two indices, where the volatility was more stable without shocks or spikes. Matrix
B, which controls the persistence of the process was very strongly supported to be the same
over time periods in all cases.

The length of the refit step for rolling windows did not show significant di�erences for GAS
models in all considered cases assuming Student’s t or skew-Student’s t distributions. The es-
timated values of VaR and ES were almost indi�erent. The length of the refit step influenced
more the GAS model with the Gaussian distribution, where the estimated values of VaR
and ES tended to be significantly lower in days with price shocks and jumps than the values
of VaR and ES calculated for GAS models without rolling windows. Dynamic quantile test
resulted to reject the correct coverage of the GAS model in almost all cases for 1 % risk level.
The less strict test at 5 % risk level confirmed correct specification for all GAS models with
the length of the refit step equal to 1. In eight cases out of 72 (for both risk levels sepa-
rately) the null hypothesis of correct model specification is rejected for GAS models with the
Gaussian distribution but not rejected for GAS models with Student’s t and skew-Student’s
t distribution. However, the test seemed to rather reject or not reject all the GAS models in
the given time periods for a given market index. This is a well known issue of DQ test.
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GAS models with the Student’s t or skew-Student’s t distribution outperformed the GAS
models with the Gaussian distribution in the model performance according to the ratios
of quantile loss function, which evaluate the corresponding VaR estimates for given pair
of GAS models. There were few pairs where the models resulted to perform equally. GAS
models with the Gaussian distribution were outperformed the most by the other two distribu-
tions for TOPIX in the first two periods. The ratios of FZL function, which take into account
both estimated risk measures VaR and ES jointly led to less cases of equality of pairs of GAS
models and less cases, where GAS models with the Gaussian distribution outperformed GAS
models with the Student’s t or skew-Student’s t distributions.

Various additional exercises can be applied starting with the di�erent setting of the time
periods, the length of the refit steps for rolling windows or the size of the in-sample and out-
of-sample. Additional parametric models can be used to estimate volatility or the model base
can be changed to semi-parametric models without the observation distribution assumption.
Patton et al. (2019) tested the length of the out-of-sample for NIKKEI and concluded that
longer forecasting windows lead to worse model performances according to FZL function.
Moreover, additional tests can be used to test the model performance and quality. An example
can be Diebold-Mariano tests of di�erences in average loss (Patton et al., 2019).
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A. Supplementary results

Tables A.1 and A.2: Estimated parameters testing the skewness

DJIA, first 500 observations

Estimate SE t value p-value
Ÿ1 0.0548 0.0538 1.018 0.154
Ÿ2 0.0171 0.0152 1.124 0.130
Ÿ3 0.2162 0.4061 0.532 0.297
Ÿ4 -2.8647 0.6967 -4.111 0.000
A2 0.0897 0.0335 2.677 0.003
A3 1.4729 3.4617 0.425 0.335
B2 0.9008 0.0709 12.703 0.000
B3 0.0000 0.0000 4042.770 0.000

Table A.1: Illustration 1: The values of estimated parameters testing the skewness

S&P, 2000-2009

Estimate SE t value p-value
Ÿ1 0.0442 0.0167 2.638 0.004
Ÿ2 0.0013 0.0010 1.207 0.113
Ÿ3 -0.0882 0.0897 -0.983 0.162
Ÿ4 -1.9221 0.3460 -5.554 0.000
A2 0.0450 0.0052 8.629 0.000
A3 0.0523 0.3110 0.168 0.433
B2 0.9918 0.0030 326.560 0.000
B3 0.0128 0.0009 13.443 0.000

Table A.2: Illustration 2: The values of estimated parameters testing the skewness
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Tables A.3 and A.4: Estimated parameters testing the kurtosis as-
suming the Student’s t distribution

DJIA, 1985 – 1994

Estimate SE t value p-value
Ÿ1 0.0626 0.0141 4.419 0.000
Ÿ2 -0.0055 0.0028 -1.964 0.024
Ÿ3 -0.7657 0.7713 -0.992 0.160
A2 0.1089 0.0196 5.552 0.000
A3 3.0295 3.8527 0.786 0.215
B2 0.9929 0.0031 311.584 0.000
B3 0.8009 0.2014 3.976 0.000

Table A.3: Illustration 1: The values of estimated parameters testing the kurtosis

S&P 500, 2010 – 2019

Estimate SE t value p-value
Ÿ1 0.0852 0.0129 6.600 0.000
Ÿ2 -0.0293 0.0095 -3.070 0.001
Ÿ3 -0.9903 1.9174 -0.516 0.302
A2 0.3554 0.0427 8.316 0.000
A3 1.4140 2.8959 0.488 0.312
B2 0.9649 0.0090 107.115 0.000
B3 0.7183 0.5458 1.316 0.094

Table A.4: Illustration 2: The values of estimated parameters testing the kurtosis
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Tables A.5 and A.6: Estimated parameters testing the kurtosis as-
suming the skew-Student’s t distribution

S&P 500, 2010 – 2019

Estimate SE t value p-value
Ÿ1 0.0830 0.0135 6.111 0.000
Ÿ2 -0.0069 0.0033 -2.034 0.0209
Ÿ3 -0.0380 0.0960 -0.396 0.346
Ÿ4 -0.0637 0.0582 -1.094 0.136
A2 0.0886 0.0099 8.906 0.000
A4 1.3420 1.4755 0.909 0.181
B2 0.9626 0.0091 105.671 0.000
B4 0.9805 0.0168 58.226 0.000

Table A.5: Illustration 1: The values of estimated parameters testing the kurtosis distribution

DJIA, 2010 – 2019

Estimate SE t value p-value
Ÿ1 0.0828 0.0131 6.293 0.000
Ÿ2 -0.0103 0.0039 -2.608 0.004
Ÿ3 0.0149 0.0990 -0.151 0.439
Ÿ4 -0.0504 0.0506 -0.996 0.159
A2 0.0935 0.0100 9.280 0.000
A4 1.6576 1.3678 1.211 0.112
B2 0.9574 0.0099 96.532 0.000
B4 0.9839 0.0152 64.408 0.000

Table A.6: Illustration 2: The values of estimated parameters testing the kurtosis
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Tables A.7 and A.8: The values of AIC, � and BIC for the GAS
models

2000 – 2010

DJIA S&P 500

Distribution AIC � BIC AIC � BIC
Student’s t 7966 0 7996 8275 0 8304
skew-Student’s t 7968 1.75 8004 8276 1.05 8311
Gaussian 8073 106.5 8097 8354 79.27 8377

FTSE 100 TOPIX

Distribution AIC � BIC AIC � BIC
Student’s t 8177 0.23 8207 8962 0 8991
skew-Student’s t 8177 0 8212 8966 4.12 9011
Gaussian 8199 22.74 8223 9005 42.98 9028

Table A.7: The values of AIC, �h and BIC for each model over 2000 – 2010

2010 – 2019

DJIA S&P 500

Distribution AIC � BIC AIC � BIC
Student’s t 5267 0 5296 5457 0 5486
skew-Student’s t 5269 1.99 5304 5459 1.84 5494
Gaussian 5418 151.28 5441 5629 171.84 5652

FTSE 100 TOPIX

Distribution AIC � BIC AIC � BIC
Student’s t 5819 0 5847 6825 0 6854
skew-Student’s t 5820 1.49 5855 6826 1.03 6861
Gaussian 5885 66.8 5908 6948 123.27 6971

Table A.8: The values of AIC, �h and BIC for each model over 2010 – 2019
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Tables A.9 and A.10: Average values of VaR and ES for GAS models

2000 – 2010

DJIA S&P 500 FTSE 100 TOPIX

Distribution V aR ES V aR ES V aR ES V aR ES

Student’s t -2.82 -3.48 -2.98 -3.64 -2.82 -3.37 -3.25 -3.9
skew-Student’s t -2.84 -3.5 -3.02 -3.69 -2.87 -3.42 -3.23 -3.75
Gaussian -2.61 -2.99 -2.77 -3.18 -2.73 -3.13 -3.12 -3.58

Table A.9: Average values of VaR and ES in the period 2000 – 2010

2010 – 2019

DJIA S&P 500 FTSE 100 TOPIX

Distribution V aR ES V aR ES V aR ES V aR ES

Student’s t -2.11 -2.77 -2.21 -2.92 -2.23 -2.78 -2.88 -3.65
skew-Student’s t -2.11 -2.78 -2.22 -2.93 -2.25 -2.82 -2.93 -3.71
Gaussian -1.85 -2.13 -1.94 -2.23 -2.04 -2.34 -2.69 -3.10

Table A.10: Average values of VaR and ES in the period 2010 – 2019
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Tables A.11 and A.12: The results of the Z-test for GAS models

S&P 500: Student’s t

1985–1994/2000–2010 1985-1994/2010+ 2000–2010/2010+

Coe� Z-score p-value Z-score p-value Z-score p-value
Ÿ1 0.193 0.577 -1.237 0.108 -1.311 0.095
Ÿ2 1.030 0.849 -1.959 0.025 -2.554 0.005
Ÿ3 -2.178 0.015 -0.334 0.369 1.924 0.973
A2 -1.745 0.040 -4.223 0.000 -2.968 0.001
B2 0.230 0.591 2.493 0.994 2.397 0.992

S&P 500: skew-Student’s t

1985–1994/2000–2010 1985-1994/2010+ 2000–2010/2010+

Coe� Z-score p-value Z-score p-value Z-score p-value
Ÿ1 0.212 0.584 -1.176 0.120 -1.315 0.094
Ÿ2 -0.011 0.496 -1.291 0.098 -1.224 0.111
Ÿ3 -0.287 0.387 -0.015 0.494 0.277 0.609
Ÿ4 -2.181 0.015 -0.360 0.359 1.894 0.971
A2 -1.755 0.040 -4.188 0.000 -2.937 0.002
B2 0.239 0.595 2.500 0.994 2.395 0.992

S&P 500: Gaussian
1985–1994/2000–2010 1985-1994/2010+ 2000–2010/2010+

Coe� Z-score p-value Z-score p-value Z-score p-value
Ÿ1 0.621 0.733 -0.518 0.302 -1.128 0.130
Ÿ2 2.876 0.998 0.315 0.624 -2.605 0.005
A2 1.202 0.885 -1.243 0.107 -2.462 0.007
B2 -4.245 0.000 -1.308 0.095 3.693 0.999

FTSE 100: Student’s t

1985–1994/2000–2010 1985-1994/2010+ 2000–2010/2010+

Coe� Z-score p-value Z-score p-value Z-score p-value
Ÿ1 0.328 0.629 0.493 0.689 0.156 0.562
Ÿ2 1.890 0.971 -0.251 0.401 -2.015 0.022
Ÿ3 -0.733 0.232 1.144 0.874 1.648 0.950
A2 -0.632 0.264 -1.465 0.071 -1.035 0.150
B2 -1.856 0.032 -0.121 0.452 1.808 0.965

Table A.11: Z-test of coe�cient equality and corresponding p-values
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FTSE 100: Gaussian
1985–1994/2000–2010 1985-1994/2010+ 2000–2010/2010+

Coe� Z-score p-value Z-score p-value Z-score p-value
Ÿ1 0.320 0.626 0.461 0.678 0.146 0.558
Ÿ2 0.871 0.808 -0.581 0.281 -1.223 0.111
A2 -5.551 0.000 -4.198 0.000 0.266 0.605
B2 -1.668 0.048 0.353 0.638 1.954 0.975

TOPIX: Student’s t

1985–1994/2000–2010 1985-1994/2010+ 2000–2010/2010+

Coe� Z-score p-value Z-score p-value Z-score p-value
Ÿ1 0.512 0.696 -0.984 0.163 -1.292 0.098
Ÿ2 1.122 0.869 1.066 0.857 0.200 0.579
Ÿ3 -2.813 0.002 -1.123 0.131 1.911 0.972
A2 2.428 0.992 0.552 0.710 -1.639 0.051
B2 -0.882 0.189 0.691 0.755 1.427 0.923

TOPIX: Gaussian
1985–1994/2000–2010 1985-1994/2010+ 2000–2010/2010+

Coe� Z-score p-value Z-score p-value Z-score p-value
Ÿ1 1.939 0.974 0.906 0.818 -0.943 0.173
Ÿ2 -0.892 0.186 -0.747 0.227 0.123 0.549
A2 3.85 0.999 3.441 0.999 -0.455 0.325
B2 -4.953 0.000 -2.860 0.002 1.850 0.968

FTSE 100: skew-Student’s t TOPIX: skew-Student’s t

2000-2010/2010+ 1985-1994/2010+

Coe� Z-score p-value Z-score p-value
Ÿ1 0.190 0.575 -0.528 0.299
Ÿ2 -1.000 0.159 -0.582 0.280
Ÿ3 0.357 0.639 0.379 0.648
Ÿ4 1.704 0.956 -1.211 0.113
A2 -1.020 0.154 0.645 0.741
B2 1.788 0.963 0.621 0.733

Table A.12: Z-test of coe�cient equality and corresponding p-values
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Tables A.13 and A.14: The resulted p-values of 1 % and 5 % DQ
test

1985 – 1994:
DJIA refit step = 1 refit step = 5 refit step = 30

5 % DQ 1 % DQ 5 % DQ 1 % DQ 5 % DQ 1 % DQ
Student’s t 0.079 0.111 0.043 0.1 0.037 0.685
skew-Student’s t 0.080 0.848 0.007 0.034 0.002 0.032
Gaussian 0.084 0.299 0.000 0.039 0.000 0.034

FTSE 100 refit step = 1 refit step = 5 refit step = 30

5 % DQ 1 % DQ 5 % DQ 1 % DQ 5 % DQ 1 % DQ
Student’s t 0.085 0.994 0.206 0.995 0.202 0.994
Gaussian 0.086 0.993 0.056 0.957 0.074 0.996

TOPIX refit step = 1 refit step = 5 refit step = 30

5 % DQ 1 % DQ 5 % DQ 1 % DQ 5 % DQ 1 % DQ
Student-t 0.128 0.052 0.113 0.053 0.114 0.053
Skew-Student-t 0.127 0.000 0.059 0.000 0.061 0.000
Gaussian 0.137 0.000 0.816 0.000 0.803 0.000

2000 – 2010:
DJIA refit step = 1 refit step = 5 refit step = 30

5 % DQ 1 % DQ 5 % DQ 1 % DQ 5 % DQ 1 % DQ
Student’s t 0.161 0.017 0.001 0.017 0.004 0.018
skew-Student’s t 0.161 0.011 0.001 0.017 0.004 0.007
Gaussian 0.162 0.000 0.000 0.000 0.000 0.000

S&P 500 refit step = 1 refit step = 5 refit step = 30

5 % DQ 1 % DQ 5 % DQ 1 % DQ 5 % DQ 1 % DQ
Student’s t 0.183 0.000 0.000 0.000 0.000 0.000
skew-Student’s t 0.183 0.000 0.000 0.000 0.000 0.000
Gaussian 0.184 0 0.017 0.000 0.023 0.000

FTSE 100 refit step = 1 refit step = 5 refit step = 30

5 % DQ 1 % DQ 5 % DQ 1 % DQ 5 % DQ 1 % DQ
Student’s t 0.168 0.000 0.260 0.000 0.257 0.000
skew-Student’s t 0.167 0.000 0.248 0.000 0.244 0.000
Gaussian 0.166 0.000 0.329 0.000 0.347 0.000

Table A.13: p-values for 1 % and 5 % DQ test of the model correct coverage
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2000 – 2010:
TOPIX refit step = 1 refit step = 5 refit step = 30

5 % DQ 1 % DQ 5 % DQ 1 % DQ 5 % DQ 1 % DQ
Student’s t 0.175 0.123 0.000 0.122 0.000 0.120
Gaussian 0.174 0.031 0.000 0.031 0.000 0.068

2010 – 2019:
S&P 500 refit step = 1 refit step = 5 refit step = 30

5 % DQ 1 % DQ 5 % DQ 1 % DQ 5 % DQ 1 % DQ
Student’s t 0.099 0.000 0.308 0.000 0.281 0.000
skew-Student’s t 0.099 0.000 0.255 0.000 0.247 0.000
Gaussian 0.100 0.000 0.181 0.000 0.181 0.000

TOPIX refit step = 1 refit step = 5 refit step = 30

5 % DQ 1 % DQ 5 % DQ 1 % DQ 5 % DQ 1 % DQ
Student’s t 0.145 0.005 0.000 0.005 0.000 0.005
skew-Student’s t 0.145 0.017 0.000 0.033 0.000 0.017
Gaussian 0.147 0.001 0.000 0.000 0.000 0.000

Table A.14: 1 % and 5 % DQ test of the model correct coverage
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Tables A.15 and A.16: The values of 1 % and 5 % QL function

1985 – 1994:
DJIA refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.079 0.026 0.079 0.026 0.079 0.026
skew-Student’s t 0.08 0.026 0.08 0.027 0.08 0.027
Gaussian 0.084 0.026 0.085 0.026 0.085 0.026

S&P 500 refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.075 0.024 0.076 0.024 0.075 0.024
skew-Student’s t 0.076 0.024 0.076 0.024 0.076 0.024
Gaussian 0.081 0.025 0.08 0.025 0.08 0.025

TOPIX refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.128 0.038 0.128 0.038 0.128 0.038
skew-Student’s t 0.127 0.038 0.127 0.038 0.127 0.038
Gaussian 0.137 0.043 0.138 0.044 0.138 0.044

2000 – 2010:
DJIA refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.161 0.044 0.161 0.044 0.161 0.044
skew-Student’s t 0.161 0.044 0.161 0.044 0.161 0.044
Gaussian 0.162 0.046 0.162 0.046 0.162 0.046

S&P 500 refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.183 0.049 0.183 0.049 0.183 0.049
skew-Student’s t 0.183 0.049 0.182 0.048 0.183 0.049
Gaussian 0.184 0.052 0.184 0.052 0.185 0.053

Table A.15: Results of 1 % and 5 % QL functions in 1985 – 1994 and 2000 – 2010

77



2010 – 2019:
DJIA refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.099 0.031 0.099 0.031 0.099 0.031
skew-Student’s t 0.099 0.031 0.099 0.031 0.099 0.031
Gaussian 0.100 0.032 0.100 0.031 0.100 0.032

S&P 500 refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.099 0.033 0.099 0.033 0.099 0.033
skew-Student’s t 0.099 0.033 0.099 0.033 0.099 0.033
Gaussian 0.100 0.034 0.100 0.034 0.101 0.034

FTSE 100 refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.097 0.028 0.097 0.028 0.097 0.028
skew-Student’s t 0.097 0.028 0.097 0.028 0.097 0.028
Gaussian 0.097 0.029 0.097 0.029 0.097 0.029

TOPIX refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.145 0.046 0.145 0.046 0.145 0.046
skew-Student’s t 0.145 0.046 0.145 0.046 0.145 0.046
Gaussian 0.147 0.051 0.148 0.051 0.148 0.051

Table A.16: 1 % and 5 % QL functions in the period 2010 – 2019
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Tables A.17 and A.18: The values of the ratios of 1 % and 5 % QL
function

refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
DJIA ratio ratio ratio ratio ratio ratio

St/Gauss 0.94 0.99 0.93 0.98 0.93 0.97
skew-St/Gauss 0.95 1.02 0.95 1.01 0.94 1.01
S&P 500

St/Gauss 0.94 0.98 0.94 0.98 0.94 0.98
skew-St/Gauss 0.94 0.99 0.95 0.98 0.95 0.98
FTSE 100

St/Gauss 0.99 1.02 0.98 1.00 0.99 1.02
TOPIX

St/Gauss 0.93 0.88 0.93 0.87 0.93 0.87
skew-St/Gauss 0.93 0.88 0.92 0.88 0.92 0.87

Table A.17: 1 % and 5 % ratios of the QL functions for the period from 1985 to 1994

refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
DJIA ratio ratio ratio ratio ratio ratio

St/Gauss 1.00 0.96 1.00 0.96 1.00 0.95
skew-St/Gauss 1.00 0.96 0.99 0.95 0.99 0.95
S&P 500

St/Gauss 0.99 0.93 0.99 0.93 0.99 0.92
skew-St/Gauss 0.99 0.93 0.99 0.92 0.99 0.92
FTSE 100

St/Gauss 1.01 0.99 1.01 0.98 1.01 0.99
skew-St/Gauss 1.01 0.98 1.01 0.98 1.01 0.98
TOPIX

St/Gauss 1.00 0.99 1.00 0.99 1.00 0.99

Table A.18: 1 % and 5 % ratios of the QL functions for the period from 2000 to 2010
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Tables A.19 and A.20: The values of the average FZL function
at 1 % and 5 % risk level

1985 – 1994:
DJIA refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.449 0.950 0.451 0.958 0.445 0.935
skew-Student’s t 0.465 0.977 0.471 0.991 0.463 0.995
Gaussian 0.510 0.985 0.516 1.013 0.520 1.020

S&P 500 refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.406 0.883 0.407 0.887 0.405 0.883
skew-Student’s t 0.412 0.886 0.407 0.875 0.409 0.872
Gaussian 0.469 0.939 0.460 0.943 0.462 0.940

TOPIX refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.896 1.298 0.896 1.297 0.895 1.292
skew-Student’s t 0.897 1.310 0.896 1.309 0.891 1.305
Gaussian 0.948 1.479 0.950 1.481 0.954 1.494

2000 – 2010:
DJIA refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 1.135 1.548 1.136 1.549 1.135 1.544
skew-Student’s t 1.135 1.553 1.132 1.547 1.133 1.538
Gaussian 1.145 1.642 1.145 1.644 1.146 1.638

S&P 500 refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 1.268 1.648 1.268 1.649 1.271 1.654
skew-Student’s t 1.266 1.644 1.264 1.639 1.269 1.648
Gaussian 1.284 1.781 1.285 1.784 1.290 1.796

Table A.19: 1 % and 5 % average FZL functions for selected indices
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2010 – 2019:
DJIA refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.603 1.155 0.603 1.157 0.602 1.145
skew-Student’s t 0.604 1.158 0.604 1.159 0.602 1.147
Gaussian 0.625 1.240 0.624 1.238 0.629 1.243

S&P 500 refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.636 1.289 0.635 1.287 0.632 1.276
skew-Student’s t 0.636 1.288 0.634 1.285 0.631 1.273
Gaussian 0.642 1.364 0.641 1.357 0.644 1.352

FTSE 100 refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 0.626 0.993 0.625 0.991 0.624 0.988
skew-Student’s t 0.625 0.991 0.624 0.99 0.624 0.988
Gaussian 0.629 1.055 0.629 1.054 0.628 1.056

TOPIX refit step = 1 refit step = 5 refit step = 30

5 % QL 1 % QL 5 % QL 1 % QL 5 % QL 1 % QL
Student’s t 1.009 1.495 1.009 1.497 1.009 1.493
skew-Student’s t 1.009 1.490 1.009 1.491 1.009 1.486
Gaussian 1.040 1.694 1.044 1.696 1.045 1.697

Table A.20: 1 % and 5 % average FZL functions in the period 2010 – 2019
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Tables A.21 and A.22: The values of the ratios of 1 % and 5 %
average FZL function

refit step = 1 refit step = 5 refit step = 30

5 % FZL 1 % FZL 5 % FZL 1 % FZL 5 % FZL 1 % FZL
DJIA ratio ratio ratio ratio ratio ratio

St/Gauss 0.88 0.96 0.87 0.94 0.85 0.92
skew-St/Gauss 0.91 0.99 0.91 0.98 0.89 0.98
S&P 500

St/Gauss 0.87 0.94 0.89 0.94 0.88 0.94
skew-St/Gauss 0.88 0.94 0.88 0.93 0.89 0.93
FTSE 100

St/Gauss 0.97 1.02 0.95 0.97 0.98 1.03
TOPIX

St/Gauss 0.95 0.88 0.94 0.88 0.94 0.86
skew-St/Gauss 0.95 0.89 0.94 0.88 0.93 0.87

Table A.21: 1 % and 5 % ratios of the average FZL function for the period from 1985 to 1994

refit step = 1 refit step = 5 refit step = 30

5 % FZL 1 % FZL 5 % FZL 1 % FZL 5 % FZL 1 % FZL
DJIA ratio ratio ratio ratio ratio ratio

St/Gauss 0.99 0.94 0.99 0.94 0.99 0.94
skew-St/Gauss 0.99 0.95 0.99 0.94 0.99 0.94
S&P 500

St/Gauss 0.99 0.93 0.99 0.92 0.99 0.92
skew-St/Gauss 0.99 0.92 0.98 0.92 0.98 0.92
FTSE 100

St/Gauss 1.00 0.97 1.00 0.96 1.00 0.97
skew-St/Gauss 1.00 0.96 1.00 0.96 1.00 0.96
TOPIX

St/Gauss 1.00 0.98 1.00 0.98 1.00 0.98

Table A.22: 1 % and 5 % ratios of the average FZL function for the period from 2000 to 2010
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